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A thorough computer design study using the method of Chen1,2,3 was undertaken for band-

pass filters constructed from frequency selective surfaces (FSSs). The FSSs, modeled as thin, per-

fectly conducting surfaces with periodically arranged apertures, were designed to produce a

transmission profile with a bandpass characteristic centered at 10.6 µm and to have various speci-

fied bandwidths. The effects of aperture shape and dimensions, configuration and periodicity of

the aperture array, and presence of a dielectric substrate were examined in-depth. For comparison

purposes, a complimentary array of metallic patches was also examined. The successful design (a

thin, planar sheet of aluminum perforated with narrow rectangular apertures in a triangular array

configuration on a thick zinc selenide substrate) provided a preliminary set of basic design rules

for creating bandpass filters from FSSs.

Dual resonance transmission profiles were generated by considering a FSS with a group of

apertures as the periodic element. Chen’s method1,2,3 was modified to work with periodic groups

of up to four rectangular or circular shaped apertures (or metallic patches). Combinations

ferent length narrow slot apertures, combinations of square and narrow slot apertures, an

tion of periodicity along alternating rows of narrow slot apertures, all produced a dual reso

transmission profile in the computer model. For the combination of different length narrow 

tures, the dual resonance resulted from the natural resonance associated with the two d

length narrow apertures, while for the combination of squares and narrow slots, an enhan

of the Wood’s anomaly at the diffraction edge created the second resonance peak. Variatio
vi
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periodicity along alternating rows produced a dual resonance because each of the “superi

arrays” had a different periodicity. The presence of Wood’s anomalies in the transmission 

was also examined.

Finally, “proof of concept” investigations were performed in using a FSS as a beams

and a narrowband Hα astronomy filter.
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Chapter 1

Introduction to Frequency Selective Surfaces (FSS)

1.1  General Introduction

An array of periodic metallic patches on a substrate, or a conducting sheet periodically

perforated with apertures, constitutes a frequency selective surface (FSS) to electromagnetic

waves. Such structures have been well known in antenna theory for over half a century. At micro-

wave wavelengths, such structures were easy to manufacture and employ in antenna design. How-

ever, at near-infrared wavelengths, the size of elements in the FSS are on the order of a

micrometer, making such structures much more difficult to manufacture. Advances in litho-

graphic techniques over the last decade have allowed construction of periodic structures with ele-

ment sizes less than one micrometer. Construction of FSS filters for the near-infrared wavelength

regime are no longer difficult to manufacture. It should even be possible using today’s state

art techniques to manufacture FSSs that operate in the optical regime.

The theory of phased array antennas provides the starting point for the study of 

Amitay, Galindo and Wu4 provide a thorough review of this subject. While much of the unde

ing theory for FSSs is based on the theory of phased array antennas, methods for adaptin

cifically to FSS structures are reviewed by Wu5. Even though the underlying theoretica

descriptions of FSSs are well established, much work is still needed in the area of theo

quantitative analysis of these structures. 

It is the purpose of this dissertation to provide some of this theoretical quantitative a

sis for a certain class of FSS structures. Specifically, work on thin, perfectly conducting, p

FSSs is presented here. Lithographic techniques can produce planar, semiconductor circ

structures with a thickness a mere fraction of a wavelength in the infrared wavelength regim

assumption of a perfect conductor is justified if the metallic deposits are a highly condu

metal like aluminum or gold, both common materials in construction of FSSs for the near-in

wavelength region.

With the computational advances over the last half of the decade, it is now feasible t

duct a comprehensive numerical analysis on the behavior of FSS spectral characteristics 
1
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odicity and aperture/patch geometries are varied. The modal method of Chen1,2,3 is the basis of

numerical analysis for the thin, planar, perfectly conducting frequency selective surfaces modeled

in this dissertation. For the rectangular and circular shaped apertures studied here, Chen’s

produced spectral response data that compared favorably to measured data from manu

FSSs.

Stacking several planar frequency selective surfaces together, usually separating ea

dielectric layer, provides an added degree of freedom in designing a filter with a desired s

response. Such filters typically display several resonances in their spectral responses. M

screen FSS structures have been described in past literature6-14, including a detailed methodology

for analyzing such systems by Vacchione15. The problem with multiple screen structures is tw

fold. First they are difficult and costly to construct - several planar FSSs must be manufac

then stacked in some fashion. Such a procedure increases the cost and complexity over

planar FSS in proportion to the number of stacked FSSs. Second, numerical analysis of th

tures is vastly complicated due to the coupling effects between the stacked FSSs.

A solution to the problem of design and numerical analysis of multiple screen FSS 

tures for use in the near-infrared wavelength regime is proposed in this dissertation - a sing

nar frequency selective surface with multiple apertures/patches per periodic cell. In this t

filter, a group of apertures/patches constitutes a unit periodic cell. Instead of the individua

ments being periodic, the group is periodic. The idea of a periodic group was proposed by A

Galindo, and Wu4 (p. 307-309) to modify the grating lobe characteristics of an antenna a

Munk and Luebbers16 also proposed such a system as the limiting case of zero distance betw

stack of planar FSSs.

A planar FSS with multiple periodic elements avoids the cost and complexity of man

turing several planar FSSs necessary in the stacked design. An added benefit of the multip

odic element planar design is that it allows for simple rectangular elements to be arrang

group so as to produce less-polarization dependent filter designs while maintaining a res

characteristic. Numerical analysis of such filter designs is accomplished in this dissertat

modifying the modal method employed by Chen1,2,3 to handle a group of periodic aperture

patches.

Solving the inverse problem for FSS structures, that is specifying the FSS structure

the transmission spectral profile, has not been accomplished (nor may it even be possi
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solution to the inverse problem would completely solve FSS filter design problems. While such a

complete solution may not be attainable, a general methodology for designing a FSS structure that

produces a desired spectral response would go a long way to meet FSS design needs. It is the goal

of the research in this dissertation to add one more key element to such a design methodology.

Further work in numerically modeling FSS structures, coupled with continuing advancement in

computational abilities, should allow for such a design methodology to emerge in the near future.

1.2  Description of FSSs

As previously stated, a conducting sheet periodically perforated with apertures, or an array

of periodic metallic patches, constitutes a frequency selective surface (FSS) to electromagnetic

waves. In the literature two generic geometries are typically discussed. The first geometry, com-

monly referred to as an inductive FSS, performs similarly to a high-pass filter. The second case, or

capacitive FSS, is similar to a low-pass filter. If the periodic elements within a FSS posses reso-

nance characteristics, the inductive FSS will exhibit total transmission at wavelengths near the

resonance wavelength, while the capacitive FSS will exhibit total reflection. 

Capacitive and inductive FSSs derive their name from circuit theory. Figure 1-1 shows a

typical capacitive and inductive FSS constructed out of periodic rectangular patches and apertures

respectively. Also included in the figure are their respective equivalent circuit models, along with

the corresponding transmission profiles. The rectangular metallic patches in the capacitive FSS

act similar to a capacitive circuit. Similarly, the rectangular apertures in the inductive FSS behave

like an inductive circuit. Miller17 provides a thorough discussion of circuit theory techniques in

relation to FSSs.

Assuming that the rectangular patches and apertures in figure 1-1 have identical dimen-

sions and periodicity, the two filters are compliments of one another. If the metallic structure of

the filters is assumed to be perfectly conducting, then the application of Babinet’s Principl

dictate that the reflection profile of the capacitive FSS will be identical to that of the transm

profile of the inductive FSS. The transmissivity of the capacitive FSS, Tcapacitive, will equal the

quantity (1 - Tinductive), where Tinductive is transmissivity of the inductive FSS. Note that the appli

tion of Babinet’s Principle for FSS structures requires no substrates to be present, and t

electric field be of “complimentary polarization” as depicted in figure 1-1.
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Figure 1-1 - Capacitive and inductive FSSs with corresponding equivalent circuits and their

transmission profiles. Note that only four of the periodic elements per filter are shown in the

drawing. Typical FSSs for the near infrared region will have hundreds of thousands of periodic

elements.
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The FSS periodic surface may be planar, or it may have a profile in the third dimension.

Such three dimensional periodic gratings are commonly referred to as Surface Relief Gratings.

This dissertation deals exclusively with planar FSSs. Typical lithographic techniques such as the

one described in figure 1-2 will produce a planar metallic filter surface deposited on a substrate. A

capacitive type filter will consist of metallic patches deposited on a planar substrate. For the

inductive type filter, a metallic sheet (usually deposited on a substrate) is perforated with aper-

tures.

The thickness of the FSS relative to the wavelength for which it will be utilized deter-

mines whether the FSS is classified as “thick” or “thin”. If the physical thickness of the FS

fraction of the smallest wavelength in the wavelength regime for which it will be used, the

FSS can be modeled as a thin filter. For thin filters, it may be possible to model them as the

ing case of “infinitely thin”. Such a model assumes the incident and transmission regions to

contact with one another at the filter plane, with the filter boundary conditions then impos

this filter plane. In the thick filter model, the incident region boundary is matched to the inc

side of the filter (top of the filter), while the transmission region boundary is matched to the 

mission side of the filter (bottom of the filter). This model has two distinct boundary regions

must be matched, as opposed to the single region in the thin model.

Since most lithographic techniques producing planar FSS structures are on the o

several tenths of a micrometer thick, these FSSs may be considered thin when used in t

infrared wavelength region. For this reason, it was decided to use an infinitely thin model fo

research.

Conductivity of the material used in the FSS constitutes the final consideration when

eling a FSS. Assuming a perfectly conducting surface, one can simplify the modeling pr

especially for the thin filter model. Several techniques, such as the work of Chen1,2,3, combine the

limiting cases of a perfectly conducting material with the infinitely thin model assumption, to

ease the computational requirements of the problem. Since most lithographic techniques f

struction of FSSs in the infrared region utilize metals such as aluminum or gold, which are 

conductive in this wavelength regime, a model assuming a perfectly conducting material 

provide a reasonable approximation to the actual filter.

For the reasons stated in this section, it was decided to model FSSs for this resea

perfectly conducting, infinitely thin, planar structure. While this model does not account fo
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Figure 1-2 - Typical lithographic process for creating a planar FSS on a substrate. Numerous

lithographic techniques exists.
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possible types of FSSs, such a model should adequately account for a large percentage of FSSs

constructed for use in the near infrared wavelength region.

The periodic elements in a FSS are most commonly arranged in a rectangular array as

shown in figure 1-3. However, the more general geometric arrangement is a triangular array, also

shown in figure 1-3. Note that the periodicity in the triangular array exists along the x-axis, and

the skewed -axis. If the skew angle α = 90o, then the triangular array becomes a rectangular

array. The geometric labeling shown in figure 1-3 will be used throughout this dissertation.

It should be pointed out that the incident field is considered to be a plane wave. The angle

of incidence and polarization is not restricted in the FSS model used in this research. Polarization

states are typically divided into the orthogonal TE (electric field perpendicular to plane of inci-

dence) and TM (magnetic field perpendicular to plane of incidence) states.

Certain key concepts will be referenced throughout this dissertation. Periodicity of the

FSS has been described in relation to figure 1-3. Since the apertures/patches of the FSS are

arranged in a periodic fashion, it is possible to describe the field at the filter plane in terms of only

one unit periodic cell. Floquet’s theorem states that if a linear differential equation has periodic

coefficients and periodic boundary conditions, then the stable solutions will generally be a peri-

odic function times an exponentially decreasing function.18 Through the application of this theo-

rem, the field in any other periodic cell will be related to the reference cell in terms of an

exponential function. At wavelengths less than the diffraction edge wavelength, higher diffractive

orders propagate in the far field region. For wavelengths greater than the diffraction edge wave-

length, only the specular order (or zeroth order) propagates.

At a wavelength slightly shorter than when another higher diffractive order begins to prop-

agate, Wood’s anomalies19,20,21 may occur. These are wavelength regions of anomalous spectral

response where rapid variations in the transmission/reflection profiles of the FSS (and diffraction

gratings in general) occur. In a typical triangular array (α = 45o), the location of the diffraction

edge is related to the distance of the nearest neighbor. The nearest neighbor distance in this case is

the physical distance between the center of two periodic elements measured along the skewed y’

axis.

y’
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Triangular ArrayRectangular Array

Figure 1-3 - A rectangular array and the more general triangular array of apertures (or patches)

that form a FSS. Note than when the skew angle α = 90o, the triangular array becomes a rectangu-

lar array.
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1.3  Applications for FSSs

In the near infrared wavelength region, frequency selective surfaces are primarily used in

filtering applications. Some applications include bandpass filters, polarizers, and beamsplitters.

As previously stated, if the periodic elements within a FSS posses resonance characteristics, the

inductive FSS will exhibit total transmission at wavelengths near the resonance wavelength, while

the capacitive FSS will exhibit total reflection. This feature allows a FSS with the proper elements

to perform like a narrow bandpass filter. Similarly, a complimentary design can be created to

selectively reflect narrow bandpass regions. Specific applications of these types of FSS filters

include narrowband astronomy filters, and filters for spacecraft instrumentation.

If the periodic elements within a FSS posses a resonance characteristic that is polarization

dependent, such a feature may be exploited to produce a polarizer. If this polarization dependence

is utilized so that one polarization is totally reflected, while the orthogonal polarization is totally

transmitted, the FSS may then be employed as a beamsplitter. Using FSSs allows construction of

polarizers and beamsplitters for wavelengths where traditional materials make construction of

such devices impractical.

1.4  Past Research on FSS Modeling

As mentioned in the introduction, phased array antenna theory1,22 provides the theoretical

foundation for FSSs. Work specifically related to FSSs is numerous and diverse, and can be cate-

gorized in several ways. For simplicity, past research on FSSs will be categorized based on the

technique used to analyze the filter.

The method for analyzing frequency selective surfaces can be broken down into several

categories - circuit theory techniques, modal expansion techniques and iterative techniques. The

circuit theory approach utilizes the quasi-static approximation to derive the equivalent circuit

model for the FSS. Ulrich23 provided an example of this approach for thin metallic mesh grids and

their complimentary structures. In the modal expansion technique, Floquet modes in space (dif-

fracted orders) are matched with the aperture modes (or current modes) to form an integral equa-

tion. This integral equation is solved by a technique such as the method of moments24 or the

conjugate gradient technique25. Iterative methods26 can circumvent large matrix storage require-

ments by utilizing iteration to avoid explicitly computing the matrices. In the spectral iterative
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technique, the current on the surface of the conducting region is the quantity being iterated. The

merits of the various techniques are discussed by Wu5.

According to Wu, modal expansion techniques comprise the largest class of the various

methods for analyzing FSSs. They also have a history of predicting the spectral response of FSSs

to a high degree of accuracy. Chen1 proposed a modal expansion technique based on the method

of moments to analyze a thin, perfectly conducting screen perforated by apertures. This method

may also be extended to circular apertures by using circular waveguide modes for the expansion

functions, as described by Chen3. Capacitive filters (metal patches as opposed to apertures) can be

analyzed by applying a similar procedure, as described by Chen2, Montgomery27, and Dawes, et

al28.

Stacking multiple FSSs together, usually with each separated by a dielectric layer, has

been studied6-15. Munk and Luebbers16 presented the limiting case of two stacked FSSs (consist-

ing of dipole-like patches) with different periodicities, separated by zero distance, as well as com-

menting on the dual resonance nature of such structures. This structure is, in essence, a single

planar FSS with two periodic patterns superimposed. A hybrid FSS structure was described by

Orta, Savi, and Tascone29, where crossed patches where deposited inside of circular apertures.

Such a structure would be a capacitive FSS superimposed on an inductive FSS.

1.5  Overview of Research on FSS Modeling

FSSs constructed for the near infrared wavelength region will be physically thin, on the

order of a fraction of a micrometer. Such structures will require a substrate for support. It is often

common practice to protect the filter by sandwiching it between a substrate and superstrate. Thus,

the model for the FSS must take into account these substrates/superstrates. Figure 1-4 describes

the substrate model used throughout this research.

The FSS filter surface may be sandwiched between two thin slabs constructed of different

dielectric materials. The semi-infinite space on the incident side of the “dielectric sandwich

the corresponding semi-infinite space on the transmission side, can also be considered as 

tric material if need be. These semi-infinite “substrates” can be used to model “thick” dielec

A dielectric is considered thick when the reflections off of the back surface of the dielectr

incoherent with respect to diffraction from the FSS surface (on the front surface of the diele
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h2 h1

Reflected
  Wave

Incident
   Wave

Transmitted 
    Wave

Mesh Filter

dielectric
slab #1

dielectric
slab #2

Semi-infinite "bulk"
      dielectric #2

Semi-infinite "bulk"
      dielectric #1

Dielectric Sandwich Geometry

ε2, µ2 ε1, µ1

εb2, µb2 εb1, µb1

Figure 1-4 - Substrate model used for this research. A thin dielectric substrate and/or super-

strate is included directly in the model. A “thick” substrate may be modeled as a semi-infinite

dielectric.
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For such cases, it is a simple matter to add the effect of a back surface to the semi-infinite dielec-

tric by equating the situation to the reflection/transmission at a plane dielectric interface.

As pointed out in the previous section, the method of Chen1,2,3 was chosen to numerically

model the FSS geometry presented in figure 1-4. A review of the mathematical model used by

Chen, plus some slight modifications to adapt it to the dielectric substrate model in figure 1-4 is

presented in appendix A. 

To sum up the procedure briefly, Chen’s method is a modal method. The incident 

wave field is decomposed into a linear combination of zeroth order TE and TM Floquet m

The unknown reflected and transmitted fields are each expanded into an infinite series of F

modes with unknown coefficients. Since the filter itself is considered as the limiting case of 

infinitely thin, the expansions of the three field components are matched at this plane. Th

gral representation of the reflection and transmission coefficients are substituted for 

unknown reflection and transmission coefficients, resulting in an integral equation. In ord

impose the boundary conditions at the filter plane, the field in the FSS apertures (or 

patches) is expanded in another set of orthonormal basis functions that span the space of t

ture (or patch). This field expansion is then substituted into the integral equation. Using Gal

moment method, the integral equation is transformed into a matrix equation, and solved fo

matrix inversion. At this point, the transmission and reflection coefficients can be solved for

A computer program was coded in FORTRAN to calculate the reflection and transm

coefficients for either an inductive or a capacitive FSS sandwiched in the configuration illus

in figure 1-4. A wide variety of mesh/dielectric layers/dielectric substrates and superstrates 

modeled by variation of corresponding refractive indices and/or layer thicknesses. The pr

has the option of using circular or rectangular shaped apertures (for an inductive FSS) or p

(for a capacitive FSS). Optical properties for a variety of configurations were simulated 

both Sun workstations and microcomputers.

As will be shown in the next chapter, Chen’s method works very well in predicting

spectral response for infinitely thin, planar, perfectly conducting FSSs with periodic ape

patch elements. To speed up convergence and therefore computational time, the basis fu

used in the expansion of the field inside the FSS apertures (or on the patches) are the wa

modal functions (or their dual functions in the case of patches). Thus Chen’s method is lim

cases where the modal functions of the apertures/patches can be specified. For the rese
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sented here, this includes rectangular and circular shaped apertures/patches.

A natural extension to Chen’s method is having multiple apertures/patches in a group so

that the group is periodic (as opposed to the individual elements). Figure 1-5 shows suc

example. Consider such a FSS in the inductive case (multiple apertures per periodic cell)

the filter is modeled as a perfect conductor, the transverse field at the plane of the filter is 

the apertures only. For an “unit cell” of N apertures, the transverse field contribution at the pl

of the filter is

(1-1)

where the superscript i denotes the ith aperture within the group. This value of the field can th

be substituted back into the integral equation to extend Chen’s method to the case of m

apertures per periodic unit cell. A more complete description of this procedure is presen

chapter 3.

The same idea can be applied to a FSS in the capacitive case (multiple patches p

odic cell). For a mesh with patches, the sum of the induced currents on each patch within th

cell” is substituted into the appropriate integral equation. This produces the correspondin

gral equation for the capacitive case.

There are several benefits to constructing these multiple aperture/patch per period

cell FSSs. They are easier to construct than multiple screen FSS structures. Unlike a stack

this approach has only one filter surface to construct. Since there are multiple arrays of p

elements superimposed, it is possible to construct FSSs with dual resonance bandpass t

sion profiles. It will also be shown in a later chapter that it is possible to create transmissio

files with resonance structures that posses a narrower bandpass than possible with simple 

structures. The final benefit of such structures is the possibility to create less polarization 

dent geometric configurations with simple elements. Instead of using more complex period

ments like crosses, one can get similar polarization effects using several rectangular eleme

periodic group. By rotating half of the rectangular elements within a periodic group by 90o, and

arranging all of the elements in a symmetric fashion within the periodic group, the structur

exhibit similar polarization characteristics to a cross.

This concludes the extent of the current research for this dissertation. However, the

Et Et
i( )

i 1=

N

∑=
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Figure 1-5 - Typical geometric configuration for a FSS with multiple apertures (or patches)

within a periodic cell.
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several extensions for future research possibilities. While the work in this dissertation considers

the periodic group within a multiple aperture/patch per periodic unit cell FSS to contain four or

less elements, is should prove no problem to extend this procedure to include more than four ele-

ments per periodic group. Another extension would be to consider the FSS material to be a non-

perfect conductor. While a method other than Chen’s would have to be employed, it is imp

to be able to handle surfaces that have some loss. While only planar FSS were consider

non-planar, three dimensional periodic structures can be constructed. Also, the work pre

here considered FSSs illuminated with only a plane wave. Another extension of this re

could include studying the effect of varying the illumination coherence.

1.6  Justification of this Research

While extensive research has been conducted on FSSs, the analysis on relat

between periodicity, periodic element geometry, and the spectral profile is incomplete

extensive knowledge base is necessary in order to construct a FSS design methodology. C

a filter designer uses the available general knowledge on FSSs as a starting point in th

design. Then a computer model simulation is run to see if the spectral output is as expecte

tweaking of the design parameters occur, followed by a revised computer modeling run. Th

ative process continues until the desired spectral output is achieved. At this point a filter is 

factured, and its spectral output measured. If the computer model was accurate, hopefu

actual spectral output of the FSS will resemble the desired output. 

Unfortunately this method is time consuming. Computer runs do not produce “inst

neous results”, and often the “parameter tweaking” does not produce the change that was

pated. If the relationship between periodicity, periodic element geometry, and the spectral 

is understood, it should be possible to design a FSS, test it once with a computer model, the

ufacture it. The next best solution would be development of a computer modeling routin

could produce the spectral output of the FSS in “real time”.

When considering the more specific problem of multiple apertures/patches per pe

cell, there has been only a few references to this technique in past literature, as described 

vious section. These references were in relation to antenna theory, or as a theoretical consi

of the limiting case of stacking FSSs. There are few examples of FSSs with multiple ape
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patches per periodic unit cell that have been manufactured and measured. In any event, there has

been little if no research done on creating multiple resonance effects using these types of FSSs.

Finally, the examination of the effects of Wood’s anomalies on the spectral profiles of

FSSs is incomplete in the literature. Research on these anomalies was described in another sec-

tion. However, it was found while conducting the research for this dissertation, that W

anomalies are not prominent (or even present at all) in some FSS transmission spectra. It

shown in a following chapter that certain FSSs with multiple aperture/patches per period

cell do not exhibit Wood’s anomalies anywhere near the diffraction edge. This behavior ne

be understood because these types of FSS, which can exhibit multiple resonance featu

quently have the diffraction edge at a wavelength that is of interest in the filter design. 

pected Wood’s anomalies suddenly appearing in the spectral output of the completed filter

not be desirable.
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Chapter 2

Controlling Spectral Characteristics of FSSs by Varying Periodicity and Aperture/Patch 
Geometry

2.1  Introduction

This chapter provides a first step in the construction of a design methodology for bandpass

filters using FSSs. In order to formulate a design methodology, a thorough examination of the

effects of periodicity, aperture/patch geometry, and substrates on the FSS spectral characteristics

is necessary. As a practical example, a bandpass filter consisting of a thin, planar, perfectly con-

ducting FSS will be designed with a resonance wavelength of 10.6 µm and a specified bandwidth.

The FSS will be considered to be constructed of a highly conducting metal in the IR region (such

as aluminum), and placed on a supporting substrate of typical dielectric material for this wave-

length region (ZnSe, n = 2.4). As a result of this “complete and thorough design process”, a b

understanding of the effects of periodicity, aperture/patch geometry, and dielectrics shou

vide the starting point for a practical (i.e. rapid) design methodology of FSS bandpass filter

An explanation of the modeling methods used in this design study will be detailed 

first section. As pointed out in the previous chapter, Chen’s modal method1 was selected as the

best method to model a thin, perfectly conducting FSS. This section will present some det

Chen’s method, along with some practical considerations on conductivity, and the effect o

odicity on the diffraction edge for various array configurations.

The second section will compare calculated spectral responses from the computer

with measured FSS data. This should establish the validity of the computer model. In the fir

a capacitive FSS consisting of rectangular aluminum patches in a rectangular array on a Z

strate is examined. The next case compares the calculated and measured data for rectang

minum patches in a triangular array on a ZnSe substrate.

In the final section of this chapter, a FSS is designed to produce a bandpass filter ce

at 10.6 µm. As a first step, the effects of varying the aperture/patch size and shape is exa

Controlling the spectral characteristics of the FSS by altering periodicity is considered nex

is followed by adding a dielectric substrate (necessary for physical support) to the FSS. W
17
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transmission bandpass filter would require an inductive FSS, a capacitive example is also pre-

sented for comparison with the inductive FSS results.

2.2  Chen’s Method

The analysis of the spectral response of a FSS will be based on the modal method formu-

lated by Chen1. Consider the FSS depicted in figure 2-1, where a plane wave with a propagation

vector k is incident on the FSS with θ as the angle of incidence, and φ as the angle between the

plane of incidence and the x-axis. For a typical rectangular array as depicted in figure 2-1, dx and

dy are the periodic cell spacings in the x- and y-directions respectively. For the triangular array,

periodicity now lies along the x and y’ axes. While dx is the periodic spacing in the x-direction, dy

is now the y-direction distance of the first periodic cell located along the y’ axis from the origin.

Note that for α = 90o the triangular array becomes a rectangular array, thus the skewed geo

representation is the more general representation. 

The spatial periodicity of the apertures or patches imposes a periodic nature to the 

ary conditions that must be satisfied by an incident electromagnetic wave. This periodi

expressed mathematically by Floquet’s theorem, which states that if a linear differential eq

has periodic coefficients and periodic boundary conditions, then the stable solutions will g

ally be a periodic function times an exponentially decreasing function.18 

Application of Floquet’s method to this problem is accomplished in the following man

First, the field quantities are written as functions of a periodic function ψpq, called the scalar mode

potential,

(2-1)

where

(2-2)

(2-3)

         for p,q = (2-4)

(2-5)

ψpq exp j upqx vpqy γpqz+ +( )–( )=

upq k θ φcossin
2πp
dx

----------+=

vpq k θ φsinsin
2πq
dy

---------- 2πp
dx αtan
-----------------–+=

0 1± 2± … ∞±, , , ,

γpq k
2

tpq
2

– for k
2

tpq
2>,=
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Figure 2-1 - Typical FSS geometry.
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(2-6)

with

. (2-7)

The subscripts p and q denote the pqth mode, and an exp(jωt) time dependence was assumed.

This converts the vector Helmholtz equations for E and H into a scalar Helmholtz equa-

tion for the function ψ. Once obtained, a set of vector orthonormal mode functions for the trans-

verse electric field are derived from ψ. The transverse electric field in any region of space is then

expressed as a linear combination of these orthonormal vector Floquet modes,

(2-8)

. (2-9)

An arbitrary incident plane wave may be written as a sum of the lowest order Floquet

modes. Similarly, the transmitted and reflected fields may be expressed as an infinite expansion

using the orthonormal Floquet modes as the basis functions. Application of the continuity of elec-

tric and magnetic field strengths at a boundary of a metallic region in conjunction with the orthog-

onality property of the Floquet modes yields a matrix equation for the coefficients in the

respective expansions. The unknown coefficients are then determined by matrix inversion.

Explicit derivation and solution of the matrix equation (based on the work of Chen1) for the FSS

model used in this chapter is presented in appendix A.

2.2.1  Determining the Location of the Diffraction Edge in an Array

For bandpass filters, it is desirable not to have multiple diffractive orders propagating in

the transmission spectrum. Consequently, it is important to know the value of the diffraction edge

wavelength, λd. To find the diffraction edge for a given FSS, one begins with the Floquet propaga-

tion vectors upq and vpq. Utilizing the geometrical relationship

, (2-10)

and rearranging the terms in equations (2-2) and (2-3), one finds

γpq j tpq
2

k
2

–– for k
2

tpq
2<,=

tpq
2

upq
2

vpq
2

+=

Φpq
TE 1

dxdy

---------------
vpq

tpq
------- x̂

upq

tpq
------- ŷ– 

 ψpq=

Φpq
TM 1

dxdy

---------------
upq

tpq
------- x̂

vpq

tpq
------- ŷ+ 

 ψpq=

αtan
2dy

dx
--------=
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(2-11)

(2-12)

where Tx = sinθcosφ and Ty = sinθsinφ are the direction cosines for the incident plane wave prop-

agation vector k with respect to the x, y, and z axes.

For the case of a rectangular array (α = 90o), equation (2-12) simplifies to

. (2-13)

Equations (2-11) and (2-13) are periodic, repeating every (λ/dx) and (λ/dy) respectively. If the

periodic parts of (2-11) and (2-13) are plotted in the Tx-Ty plane, the result is a grating lobe dia-

gram. The grating lobe diagram for a rectangular array is presented in figure 2-2. Such diagrams,

often used in antenna array design, allow simple calculation of the diffraction edge. Figure 2-2

plots the first few (p,q) orders. A plane wave defined by angle of incidence, θ, and angle between

plane of incidence and the x-axis, φ, is represented by a vector of length T0 = sinθs at angle φ with

respect to the x-axis. For consideration of reflected orders, the angle θs = θ. However, for trans-

mitted orders θs must take into account the presence of any semi-infinite substrate material. Con-

sequently, it is related to the angle of incidence θ through Snell’s law,

, (2-14)

where ni and ns are the indices of refraction in the incident and transmitted regions respect

For a normal incident plane wave, each order would be represented by a point. Real s

defined by the unit circle Tx2 + Ty
2 = 1 in figure 2-2. If an arrow “tip” is located inside this un

circle the corresponding order is propagating in real space. For just the zeroth order to be

gating, only the arrow tip from the (0,0) order may be located within the unit circle.

Normally, the refractive index would be irrelevant to a grating equation, because the

surface of the substrate would negate any refraction caused by the front surface. Howe

substrate model described in chapter 1 utilizes a semi-infinite substrate, which has no ba

face. The grating equations that follow take this into account with the inclusion of θs instead of the

upq

k
------- Tx

λ
dx
----- 

  p+=

vpq

k
------- Ty

λ
dy
----- 

 q
λ

dx αtan
----------------- 

  p–+=

Ty
λ
dy
----- 

 q
λ

2dy
-------- 

  p–+=

vpq

k
------- Ty

λ
dy
----- 

 q+=

ni θsin ns θssin=
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Ty

Tx
(-1,0) (0,0)

1

T0
T0

T0

T0

T0

φ

(0,1)

(0,-1)

φ
T0sinφ

T0sinφ
λ/dx

λ/dy

(1,0)

Figure 2-2 - Grating lobe diagram for the rectangular array shown in figure 2-1. Each (p,q)

order is plotted as a vector of length T0 = sinθs, and at an angle φ with respect to the x-axis. The

unit circle Tx
2 + Ty

2 = 1 represents real space. If an arrow tip resides within this circle, the mode

is propagating in real space.
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angle of incidence θ. The thin “slab” substrates in the model have no effect in the grating e

tions, because they posses a front and back surface. An actual grating with a “thick” substr

be modeled as a grating on semi-infinite substrate for purposes of computation. The effec

substrate’s back surface can then be accounted for by a correction to the transmissivity (as

described in the next section). While only the zeroth order may end up propagating ou

“thick” substrate, it is possible to have multiple orders propagating inside it. Therefore, th

fraction edge inside, rather than outside, the thick substrate material is the critical value.

It is clear from figure 2-2 that the conditions for only the zeroth order to be propagat

given by

(2-15)

and

, (2-16)

where λ is the wavelength in the medium of index ni if considering reflected orders, or the wav

length in the medium of index ns if considering transmitted orders. These expressions, ta

together, are a more complicated form of the standard criterion for determining nonpropa

modes in one dimensional diffraction gratings, specifically , and result from

need to account for diffraction in two dimensions and a semi-infinite substrate. If the distan

(2-17)

(2-18)

are defined from relationships (2-14) and (2-15), where n = ni for reflected orders and n = ns for

transmitted orders, then the diffraction edge is given by

. (2-19)

For a triangular array, the grating lobe diagram is slightly more complicated. Equatio

12) must now be used in place of (2-13). The grating lobe diagram resulting from plottin

periodic parts of equations (2-11) and (2-12) in the Tx-Ty plane is shown in figure 2-3. From fig

ure 2-3 it clear that two of the conditions necessary for only the zeroth order to propaga

given by

λ
dx
----- 

  1 θsin s φcos+≥

λ
dy
----- 

  1 θsin s φsin+≥

λ d 1 θsin+( )>

d1 ndx 1 θs φcossin+( )=

d2 ndy 1 θs φsinsin+( )=

λd max d1 d2,( )=
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Figure 2-3 - Grating lobe diagram for the triangular array shown in figure 2-1. Each (p,q) order

is plotted as a vector of length T0 = sinθs, and at an angle φ with respect to the x-axis. The unit

circle Tx
2 + Ty

2 = 1 represents real space. If an arrow tip resides within this circle, the mode is

propagating in real space.
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, (2-20)

and

. (2-21)

A third condition is found by considering just the (-1,-1) order as shown in figure 2-4. In this fig-

ure, the arrow tip just reaches the unit circle representing real space. Defining the distance χ as the

minimum distance required to assure that this order does not propagate, and using the law of

cosines with the relationship 

, (2-22)

where α is the skew angle, one finds that for 

. (2-23)

Referring back to figure 2-3, one then finds the third condition to require only zeroth order propa-

gation to be

. (2-24)

As in the rectangular array example, λ and θs correspond to the reflected or transmitted regions,

depending on which orders are under consideration. 

From these relationships ((2-20), (2-21), and (2-24)), one can define

(2-25)

(2-26)

, (2-27)

where n is either ni or ns depending on if it refers to the reflected or transmitted orders. The dif-

fraction edge is then given by

2
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T0

(-1,-1)
φ a

1

χ

Figure 2-4 - Enlarged view of the (-1,-1) order. The distance χ is the distance to the (-1,-1) order

when the arrow tip just reaches the unit circle in the grating lobe diagram. Any distance less

than χ, and the order will be propagating.
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As a final interesting note, it can be shown using equation (2-27) that for normal incidence, λd

depends on α, and is shown in table 2-1. For a small skew angle (α < 30o), the angle a in figure 2-

3 is large, so that the grating lobe diagram is compressed in the Tx direction relative to what is pic-

tured in figure 2-3. As a result, the diffraction edge is determined by the orders (-2,-1) or (2,1).

For a large skew angle (α > 60o), the angle a is small, so that the diffraction edge is now deter-

mined by the orders (0,-1) or (0,1). When the skew angle is in-between these values (30o < α <

60o), the diffraction edge is determined one of by the interstitial orders (-1,1), (1,1), (1,-1), or (-1,-

1).

2.2.2  Considerations of FSS Thickness

Chen’s method assumes an infinitely thin, perfectly conducting filter surface. While t

an idealization for simplification of the theory, it will be necessary to establish some limit o

validity of this idealized model when designing filters for actual construction. An actual filter

be manufactured out of highly conducting materials (for the desired wavelength region), an

a finite thickness.

The upper limit on filter thickness is determined by the boundary conditions. Figure

shows an aperture opening in a filter of thickness h. The field on the incident side of the filter i

described by a Floquet modal expansion, as is the field on the transmission side. In Chen’s

lation , so that these two regions are matched together, with the filter boundary cond

imposed through substitution of waveguide modal functions in the aperture region, and req

the field to go to zero on the metal surface. In the finite thickness case presented in figure 2

Table  2-1: Location of λd for Triangular Array (Normal Incidence) as a Function of Skew 
Angle α

Skew Angle λd

α < 30o d1

30o < α <60o d3

α > 60o d2

λd max d1 d2 d3, ,( )=

h 0→
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h

z = 0

z = h

Incident and Reflected Fields

Transmitted Field

ψ(x,y,0)

ψ(x,y,h)

Figure 2-5 - View of an aperture opening in a filter of finite thickness h. For Chen’s formulation

to accurately model the situation, the difference between the scalar mode potential ψ at each fil-

ter surface must be negligible.
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aperture region becomes a small “waveguide”. The field within this waveguide region mu

expanded into a waveguide modal expansion, and matched at each end to the Floquet exp

The cut-off point when h becomes large enough that the full waveguide expansion in

aperture region must be employed is determined by the difference in the scalar mode potenψpq

in equation (2-1) at the two points z = 0 and z = h for the propagating (p,q) modes. For normal

incidence the (0,0) mode will have the largest z-direction propagation constant, thus

(2-29)

and

, (2-30)

giving a difference of exp(-jγ00h). Chen’s method should be valid as long as the condition

(2-31)

is met. From equations (2-2) through (2-7) one finds that γ00 = k = 2π/λ, thus

(2-32)

defines the maximum thickness for which Chen’s method is valid. As long as the thickn

small in comparison to the wavelength region of interest, Chen’s method should accurately

the FSS.

Since the actual material will have finite conductivity, a limiting value for the minim

thickness h in figure 2-5 must also be set. If h becomes too small, the metal will become transp

ent due to its finite conductivity. As long as h >> δ, where

(2-33)

is the skin depth of the metal (and κ is the imaginary part of the complex index of refraction N =n

- jκ), Chen’s formulation should provide an acceptable model of the filter’s spectral perform

Table 2-2 provides a listing of various skin depth values for aluminum and gold at wavel

between 2.0 and 12.0 µm. The values for the κ were obtained from the American Institute o

Physics Handbook30.

ψ00 x y 0, ,( ) ψ00 x y,( )=

ψ00 x y h, ,( ) ψ00 x y,( ) jγ00h–( )exp=

γ00h 1«

h λ«

δ
λ0

2πκ
----------=
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2.3  Comparison of Model to Measured Data

Measured spectral data from two different FSSs is compared to the results predicted from

the computer model used in this research. This comparison should help to validate the computer

model used. It is hoped that further comparisons between predicted and measured results can be

carried out in the future.

2.3.1  Comparison to Data from Schimert

Figure 2-6 shows the geometry of a frequency selective surface constructed by Schimert,

Koch, and Chan31. The FSS consisted of rectangular aluminum patches arranged in a rectangular

array on a thick ZnS (n = 2.2) substrate. The measured zeroth order transmissivity data for a nor-

mally incident plane wave is reproduced in figure 2-7 along with the results calculated from the

computer model. Since the back surface reflection of the substrate had been subtracted from the

measured data, the calculation assumed a semi-infinite substrate of n = 2.2.

Agreement of the resonance location is quite good, along with the general shape of the

transmission profile.  A possible explanation for the difference between calculated and measured

values for the transmissivity at longer wavelengths may be the nonuniformity in the patch array.

Instead of perfect rectangular patches, the FSS Schimert constructed had protruding corners on

the patches, creating patches that resembles “pin cushions”.  This nonuniformity might ha

Table  2-2: Skin Depth Values for Aluminum and Gold at Selected Infrared Wavelengths

λ(µm)
Aluminum Gold

κ δ (µm) κ δ (µm)

2.0 16.5 0.019 13.9 0.023

4.0 30.4 0.021 27.9 0.023

6.0 42.6 0.022 35.2 0.027

8.0 55.3 0.023 54.6 0.023

10.0 67.3 0.024 67.5 0.024

12.0 78.0 0.024 80.5 0.024
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Properties:

n1 = 1 

n2 = 2.2 (ZnS)

a = 2.1 µm

b = 0.8 µm

p = 3.0 µm

Figure 2-6 - Geometry used in FSS constructed by Schimert, Koch, and Chan. The filter con-

sisted of rectangular aluminum patches in a rectangular array on a thick ZeS substrate. The indi-

ces of refraction n1 and n2 refer to the incident side and transmission side respectively.
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Figure 2-7 - Comparison of measured zeroth order transmissivity data from FSS described in

figure 2-6 with that calculated with the computer model using the Chen formulation. The fall-

off in transmissivity at long wavelengths is most likely due to nonuniformity in the array pat-

tern.
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ated the slightly wider bandwidth observed in the measured data than predicted by the model. The

diffraction edge, located at λd = 6.6 µm, is evident in both the measured data and calculated trans-

missivity spectra.

2.3.2  Comparison to Data from Byrne

Figure 2-8 shows the geometry of a frequency selective surface constructed by Byrne32.

The FSS consisted of rectangular aluminum patches arranged in a triangular array on a thick ZnSe

(n = 2.4) substrate. The measured zeroth order transmissivity data for a normally incident plane

wave is reproduced in figure 2-9 along with the results calculated from the computer model.

Unlike in the previous example, the back surface reflection of the substrate had not been removed

from the measured data. Since the calculation assumed a semi-infinite substrate of n = 2.4, a back

surface reflection correction was added to the values calculated from the computer model.

Because the substrate is “thick” compared to the wavelength (2 mm thick), essentia

reflections off of the back surface of the dielectric are incoherent with respect to diffraction

the FSS surface. Thus it is possible to approximate this correction as the problem of transm

through a plane dielectric interface. In this case, the transmission, corrected to include a ba

strate surface, is given by

(2-34)

where T1 and R1 are the transmission and reflection of the FSS into a semi-infinite substraT2

and R2 are the transmission and reflection of the back dielectric substrate surface, d is the sub-

strate thickness, and τ is the substrate absorption coefficient. T1 an R1 are output values from the

computer program for the FSS on a semi-infinite substrate, while T2 and R2 are the values for

transmission and reflection at normal incidence for a plane interface between the ZnSe di

and air. The value for τ is derived from the measurement of the bare substrate (τd = 7.5 x10-5 for

the substrate used in this example). The transmission value corrected using the above eq

the value plotted in figure 2-9.

As in the Schimert example, the computer model predicts the location of the reso

and overall transmission spectra shape fairly well. For the TE polarization (E-field perpend

to the long dimension of the rectangular patch), the FSS is nearly invisible to the incident

so total transmission through the filter surface should occur. The resulting transmission 

Ttotal

T1T2e
τd–

1 R1R2e
2τd–

–
----------------------------------=
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Figure 2-8 - Geometry used in FSS constructed by Byrne. The filter consisted of rectangular

aluminum patches in a triangular array on a thick ZnSe substrate. The indices of refraction n1

and n2 refer to the incident side and transmission side respectively.

Properties:

n1 = 1

n2 = 2.4 (ZnSe)

a = 2.5 µm

b = 0.25 µm

dx = 3.75 µm

dy = 1.875 µm

α = 45o

TM
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Figure 2-9 - Comparison of measured zeroth order transmissivity data from FSS described in

figure 2-8 with that calculated with the computer model using the Chen formulation. The calcu-

lated data (which assumed a semi-infinite substrate) had the effect of the reflection at the back

surface of the thick (2mm) ZnSe substrate added, so that it may be compared to the actual mea-

sured data.
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should be very similar to that of a bare substrate, which it is. For the orthogonal TM polarization

(E-field parallel to the long dimension of the rectangular patch), the slight deviation between mea-

sured and calculated values may be accounted for in the slight variability in the width of the rect-

angular patches on the FSS. Actual measurements of the rectangular patch dimensions on the FSS

show that the widths of the patches vary slightly from the value b = 0.25 µm.

2.4  Filter Design

The remainder of this chapter is devoted to designing a bandpass filter with a resonance

wavelength at 10.6 µm, and a bandwidth that is specified by the designer. Using this design pro-

cess, the goal is to obtain a more thorough understanding of the relationship of aperture size and

shape, periodicity, and the presence of substrates to the spectral response of a FSS. Deriving some

FSS design rules from this information would be extremely beneficial to future FSS design work.

Manufacturing of the FSS will be planned to be accomplished through a lithographic pro-

cess using aluminum deposited on a dielectric substrate, namely zinc selenide (n = 2.4). Such a

FSS should be adequately modeled as a thin, perfectly conducting planar surface, ensuring the

validity of using Chen’s formulation to analyze the spectral response of the filter. Since the 

is a bandpass filter, an inductive FSS will be needed. The first step in the design process w

investigation on the effects of varying the aperture size and shape, so as to choose the pro

of aperture for the filter design. No dielectric substrates will be considered in this first d

phase (their effect will be added later), thus the FSS is considered to be entirely surrounded

The incident plane wave will be considered normal with the polarization specified in the e

ples presented.

2.4.1  Effects of Varying Aperture Size and Shape - Square and Circular Apertures

Chen’s method, described in the previous section (and in appendix A), requires th

gration over the aperture/patch of the dot product between the vector Floquet modes, and th

ture/patch basis functions. To satisfy the boundary conditions, these basis functions a

waveguide modal functions (for apertures) or their dual (for patches). In order to make the

putation manageable, an analytical form for these integrals is necessary. Fortunately the an

forms have been derived for rectangular shapes33 and circular shapes28,33. While this section will

be limited to consideration of rectangular and circular shaped apertures, it should be not
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Lin34 has presented waveguide modal functions for crossed rectangular waveguides that should

allow Chen’s method to handle cross shaped apertures/patches.

Square apertures are considered first. The transmission profiles of square apert

varying dimensions were computed. Figure 2-10(a) describes the filter geometry. The periox =

dy) was kept constant at 6.0 µm. The square aperture dimensions consisted of a set of five siza

= b = 5.0 µm, 4.0 µm, 3.0 µm, 2.0 µm, 1.0 µm). For a normally incident plane wave with T

polarization, the resulting transmission profiles of the zeroth order (only propagating order

the diffraction edge, λd = 6.0 µm) are presented in figure 2-10(b). Due to the symmetry along

x- and y-directions, a filter with square apertures (and equal periodicity in the x- and y-directions)

should produce the same spectral transmission profile for TE as TM polarization at norma

dence.

As the dimensions of the square shrink, the transmission profile approaches a spik

the diffraction edge (λd = 6.0 µm). The solid curve represents the 5.0 µm squares and will be use

as reference. As the aperture size decreases to 4.0 µm, 3.0 µm and 2.0 µm, the long wavelength

“tail” becomes dramatically shortened, resulting in a more resonant, or bandpass charac

For the case of 1.0 µm sized squares (dash-dot line), the transmission profile is so narrow th

the scale shown appears as a single vertical line located at a wavelength of 6.0 µm. The concept of

reducing the square’s dimension relative to the period could be used as the basis for the c

tion of narrow bandpass filters with the resonance wavelength located at a wavelength s

longer than the diffraction edge wavelength. By using square apertures, the array would be

sitive to polarization of the incident wave.

Unfortunately, from a manufacturing standpoint, it is not always possible to constr

FSS with perfect square apertures, especially at or less than 1.0 µm in size. Most likely, the cor-

ners will become rounded, changing the transmission profile slightly. By studying the tran

sion profile of circular apertures, one should be able to estimate the effects that roundi

aperture corners have on the transmission profile.

The geometry of the array of circular apertures, shown in figure 2-11(a), is identical 

array of squares. The period (dx = dy) was held constant at 6.0 µm. The diameter of the circula

aperture, d, replaces the rectangular aperture dimensions a and b. In order to make a compariso

to the square apertures in the last section, it is necessary to derive the diameters of the eq

circular apertures. The first step was to assume that the square apertures in the last sect
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Figure 2-10 - (a) A FSS in free space has square apertures, which were varied in size (a = b =

5.0, 4.0, 3.0, 2.0, and 1.0 µm). The period was dx = dy = 6.0 µm, while the normally incident

plane wave had TE polarization. (b) The zeroth order transmission profile for this FSS geom-

etry is presented. Because of the symmetry of the squares, TM polarization will produce the

same transmission profile as TE polarization for normal incidence.
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Figure 2-11 - (a) A FSS in free space has circular apertures, which were varied in diameter (d

= 5.0, 4.0, 3.0, 2.0, and 1.0 µm). The period was dx = dy = 6.0 µm, while the normally incident

plane wave had TE polarization. These circular apertures have equivalent dimensions with the

square apertures in figure 2-10. (b) The zeroth order transmission profile for this FSS geome-

try is presented.
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the starting point, and then to assume that the manufacturing process “rounded the corners

squares, forming a nearly circular shape. The resulting circular apertures would be inscribed

inside of the square, resulting in a diameter equal to the square’s original dimension. Fig

11(b) shows the resulting zeroth order transmission profiles for these circular aperture

equivalent dimension (d = a = b).

Comparison of figures 2-10(b) and 2-11(b) yield two differences in the transmission

files between the FSSs with square apertures and the those with circular apertures hav

same diameter as the square dimensions. The bandwidths for the circular apertures in figu

are all less than the bandwidths for the corresponding square counterpart. For example, 

with 3.0 µm square apertures (short sashed line in figure 2-10(b)) has a bandwidth approxi

1 µm, while the FSS with 3.0 µm diameter circular apertures has a bandwidth of 0.5 µm, nearly

50 percent less. The second difference concerns the resonance wavelength where a sligh

ence exists between the profiles of the two aperture types. For the 5.0 µm sized apertures (the

solid line in figures 2-10(b) and 2-11(b)), the square aperture FSS had a resonance wavele

6.19 µm while for the circular aperture FSS the resonance wavelength occurred at a s

longer wavelength, approximately 6.50 µm. However, for the rest of the sizes, the circular-ap

ture FSSs had shorter resonance wavelengths than those with correspondingly sized squa

tures.

Since calculation of the coupling coefficients for the FSS requires integration over th

face area of an aperture (see appendix A), circular apertures with areas equal to the squa

tures should provide a better correspondence between the transmission profiles of FSSs 

two aperture shapes. Figure 2-12 shows the zeroth order transmission profiles of the FSSs

square apertures whose areas are equal to the areas of the square apertures. Comparing

10(b), 2-11(b) and 2-12, it is apparent that the zeroth order transmission profiles for the FSS

equivalent area apertures resemble the corresponding profiles for square apertures more c

than did the profiles for FSSs with equivalent dimension circular apertures. The bandwidt

the profiles in figure 2-12 more nearly equal the bandwidths for the corresponding profiles 

ure 2-10(b) than do the bandwidths of the profiles in figure 2-11(b). While the resonance 

lengths for the FSSs with equivalent area apertures are not identical to the resonance wav

of the square aperture FSSs, they are slightly closer in value than are the resonance wav

for the FSSs with equivalent dimension circular apertures.
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Figure 2-12 - The zeroth order transmission profile for a FSS in free space with circular aper-

tures, which were varied in area (d2 = 25.0, 16.0, 9.0, 4.0, and 1.0 µm). These circular aper-

tures have an equivalent area to the square apertures in figure 2-10. The period was dx = dy =

6.0 µm, while the normally incident plane wave had TE polarization.
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Quantitative comparisons of the three sets of transmission profiles are given in tables 2-3

and 2-4. Table 2-3 shows the predicted values of the resonance wavelengths for the three types of

apertures comprising the FSSs. It is apparent that as the apertures decrease in size, the resonance

wavelengths for all FSSs begin to converge. Thus for the case of small apertures (relative to the

period) which were described in an earlier section, the two aperture shapes result in transmission

profiles which are nearly identical (a transmission spike near the diffraction edge). Table 2-4

shows the predicted values of the bandwidths for the three types of apertures. It is apparent that

the bandwidths are similar between square apertures and the corresponding circular apertures

with equivalent area (rather than dimensions). Clearly, the area of the aperture is one of the deter-

 
Table  2-3: Resonance Wavelengths for Square and Circular Apertures

Aperture Geometry λr for Square 
Apertures

λr for Equivalent 
Dimension 

Circular Apertures

λr for Equivalent 
Area Circular 

AperturesDimension Area

5.0 µm 25.0 µm2 6.19 µm 6.50 µm 6.41 µm

4.0 µm 16.0 µm2 6.59 µm 6.53 µm 6.54 µm

3.0 µm 9.0 µm2 6.52 µm 6.31 µm 6.40 µm

2.0 µm 4.0 µm2 6.12 µm 6.05 µm 6.09 µm

1.0 µm 1.0 µm2 6.002 µm 6.001 µm 6.002 µm

Table  2-4: Bandwidths for Square and Circular Apertures

Aperture Geometry
 Bandwidth for 

Square Apertures

Bandwidth for 
Equivalent 
Dimension 

Circular Apertures

Bandwidth for 
Equivalent Area 

Circular AperturesDimension Area

5.0 µm 25.0 µm2 7.29 µm 3.98 µm 7.11 µm

4.0 µm 16.0 µm2 3.04 µm 1.55 µm 2.57 µm

3.0 µm 9.0 µm2 0.94 µm 0.38 µm 0.72 µm

2.0 µm 4.0 µm2 0.08 µm 0.02 µm 0.05 µm

1.0 µm 1.0 µm2 0.00013 µm 0.00003 µm 0.00009 µm
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mining factors defining the transmission profile when a square aperture has the corners “ro

in the manufacturing process.

When designing a narrowband transmission filter, the array period, and the apertur

are clearly the factors that are most important in determining the bandwidth and resonance

length. It is also quite apparent that resonance at a specifically desired wavelength require

accurately defined period and aperture dimension. As the bandwidth of the transmission 

decreases, the location of the resonance wavelength becomes more important since a sli

in λr could move the transmission region of the filter away from the spectral region of int

Manufacturing an array of this type would most likely be done using standard lithographic

niques, identical to those currently in use in the semiconductor industry. In spite of the high

sion that is achievable, it is not obvious that a filter with the narrow bandwidth described

could actually be produced since even the slightest departures from “perfect” periodicity an

could adversely affect the optical profile.

Since the above analysis assumes FSSs to be constructed out of perfectly conducti

als, and thus induce no loss, one can immediately find the transmission profile for the comp

tary capacitive FSS. Instead of a narrowband transmission filter, a capacitive FSS with

dimensions significantly smaller than its effective periodicity would have high transmis

except near the diffraction edge, where it would become reflective over a narrow band (a “

filter).

2.4.2  Effects of Varying Aperture Size and Shape - Rectangular Apertures

The following is an excerpt from a report on research supported by Texas Instrument

on the effects of varying periodicity and aperture dimensions for an inductive FSS consis

rectangular shaped apertures.

Initial investigations considered a rectangular array of rectangular apertures with a p

of dx = dy = 6.0 µm. The investigation considered the simplest case of a free-standing mes

dielectric substrate), with a normally incident plane wave. Figure 2-13 details the geometry

FSS used in this investigation. Polarization of the wave when the electric field vector point

pendicular to the long dimension of the rectangular apertures is designated as TE, while the

nation TM refers to the case when the electric field vector is parallel to the long dimension 

apertures. The length of the apertures, labeled a, remained constant at 5.0 µm, while the width, b,

varied (0.25 µm, 0.5 µm, 1.0 µm, 2.0 µm, 3.0 µm, 4.0 µm, 5.0 µm). Consequently, the aspec
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Figure 2-13 - Geometry of free-standing rectangular array of rectangular apertures used in

analysis of FSS transmission profiles. The analysis considers a normally incident plane wave

with either TE or TM polarization.
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ratios (a:b) of the apertures varied from 20:1 (near slits) to 1:1 (squares). 

The top graph in figure 2-14 plots the transmissivity T versus wavelength, λ0, for this set

of aspect ratios. From the plot in figure 2-14, several conclusions become apparent. For b = 0.25

µm (near slits), the transmission profile exhibits a resonant shape with the peak transmissivity

occurring at a resonance wavelength, λr, of 10.4 µm. As the aspect ratio decreases (the slits

become wider), λr decreases, while the bandwidth, as indicated by the full-width at half maximum

(FWHM) increases. When the aperture width, b, becomes greater than or equal to 4.0 µm (aper-

tures are approaching squares), the line shape becomes highly asymmetrical. Examination of fig-

ure 2-14 reveals the location of the diffraction edge, λd, at the nearest neighbor distance of 6.0 µm

for this particular FSS geometry; hence, for wavelengths less than λd higher order modes begin to

propagate. As is apparent from the graph the diffraction edge appears to “anchor” the profi

hence, as the aspect ratio decreases, λr begins to approach λd, and the classic resonant transmi

sion profile becomes compressed on the short wavelength side of resonance.

Transmission profiles were also generated, using the same aperture geometries 

cussed in the previous example, but with x and y periods (dx = dy) of 7.0 µm, 8.0 µm, 9.0 µm, and

10.0 µm. The center graph and the lower graph in figure 2-14 shows the results for periods

µm and 10.0 µm, respectively. As in the first case, the profiles were plotted only for wavelen

that exceeded λd.

From the three sets of curves in figure 2-14 several trends stand out. For a given 

ratio, the bandwidth decreases as the period (dx = dy) increases. In other words, increasing on

the period yields sharper resonance peaks. As the period increases and the resonanc

become sharper, the distortion from the diffraction edge on the short wavelength side of th

nance peak also lessens. For the 10.0 µm period (the bottom plots), significantly less distortion

present, maintaining a general resonant characteristic even for the square apertures.

As is also apparent from figure 2-14, the location of the peak transmissivity is affe

dramatically by both the period and the aspect ratio. First, for a given aspect ratio, λr increases as

the period (dx = dy) increases. For example, looking at the case of near slits, with b = 0.25 µm, for

periods of 6.0 µm, 8.0 µm, and 10.0 µm, (the solid lines in each of the three plots), λr shifts from

near 10.4 µm, to 10.8 µm, to 11.5 µm. Second, the variation in resonance wavelength as a f

tion of aspect ratio is less if the period is increased. In the top set of plots (dx = dy = 6.0 µm), λr

differs by almost 4.5 µm between the square apertures and the near slits, but less than 2 µm for the
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Figure 2-14 - Transmission profiles for FSSs consisting of a free-standing rectangular array of

rectangular apertures of varying width and a constant length (5.0 µm). Periodicity of the array is

systematically varied equally in the x- and y-directions (dx = dy). Polarization is TE.
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bottom set of plots (dx = dy = 10.0 µm). Finally, λr decreases monotonically as the aspect ratio

decreases (moving from near slits to square apertures) for a period of 6.0 µm. However, for the

other periods examined, λr initially increases as the aspect ratio decreases, before beginning to

decrease.

The main conclusions derived from figure 2-14 can be summarized as follows:

(1) The resonance character of the transmission profile is sharpened with increasing

period, and

(2) the dependence of the resonance wavelength, λr, on variations in aspect ratio is

reduced with increasing period.

From these conclusions the hypothesis is made that as the period continues to increase, the trans-

mission profile from all different aspect ratios will approach a very narrow transmission spike,

located at a wavelength just slightly longer than λd.

The fact that the resonance wavelength is closer to the diffraction edge for larger periods is

verified by re-examining the data already shown in figure 2-14. Figure 2-15 shows plots of λr/λd

vs. d (= dx = dy) for each of the aperture widths considered previously. For the five narrowest

apertures, the ratio monotonically decreases as the period is increased. Although the maximum

period considered is 10 µm, it is clearly evident that the differences in λr/λd for each aperture

width become less, with each ratio appearing to decrease toward one. For the widest two aper-

tures, the spectral resonance characteristic is no longer present, and hence, the assignment of a

“resonance wavelength” is questionable.

Up to this point, the discussion considered the optical response of a free-standin

array mesh to only the TE polarization. Each mesh geometry is accompanied by a unique

response for the TM polarization also. Figure 2-16 shows the transmissivities for inciden

polarization for the same mesh geometries as those considered in figure 2-14. Upon com

of figures 2-14 and 2-16 it is apparent that the transmissivities are the same when the apert

square, a result that is expected based on symmetry. However the transmissivities for TE a

polarizations differ dramatically for all other aperture shapes. For the TM polarization, there

resonance character at all to the spectral response; instead the transmissivity monot

decreases with wavelength for all wavelengths that are slightly greater than the diffraction e

One also observes that the transmissivity decreases at all wavelengths with decreas

width. Inspection of the legend in figure 2-16 indicates that there are seven plots on the 
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Figure 2-15 - Ratio of λr to λd as a function of period for the data presented in figure 2-14.

Aperture widths vary from 0.25 µm (near slits) to 5.0 µm (squares).
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Figure 2-16 - Transmission profiles for FSSs consisting of a free-standing rectangular array of

rectangular apertures of varying width and a constant length (5.0 µm). Periodicity of the array is

systematically varied equally in the x- and y-directions (dx = dy). Polarization is TM.
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with only four appearing distinctly. These four correspond to the four widest apertures, specifi-

cally those whose widths are 5.0 µm, 4.0 µm, 3.0 µm, and 2.0 µm. Those apertures whose widths

are 1.0 µm or less have transmissivities that are negligibly small. To a TM polarized incident

wave, these aperture arrays are essentially invisible! This can be explained by considering first the

limiting case of a zero width aperture array. In this case the aperture plane is a uniform, perfectly

conducting surface. The incident electric field produces current flow on the metal surface that is

uniform everywhere and in the direction of the incident field. When very narrow slots are “c

the metal such that their long dimension coincides with the incident electric field directi

slight modification to the current path is created. This modification to the current flow

enhanced with increasing slot width. For the very narrowest of slots, the change in current 

sufficiently small so as to be indistinguishable from an otherwise uniformly conducting me

surface. For the wider slots, the current is forced to circulate around the apertures in mo

nounced manner, thus creating an array of magnetic dipole moments at each slot locatio

association of a magnetic phenomenon with this type of array is the basis for referring to i

“inductive” array.

The following discussion considers the results of varying the period in one direction

In the first part of this study, the period in the x-direction was held constant at 6.0 µm while the

period in the y-direction was varied from 6.0 µm to 10.0 µm. In the second part, the period in th

y-direction was held constant at 6.0 µm while the period in the x-direction was varied from 6.0

µm to 10.0 µm. The same aperture length (a constant 5.0 µm in the y-direction) and width combi-

nations described previously were used in this study.

Figure 2-17 shows the transmissivity profiles for various aperture aspect ratios 

period in the y-direction is varied. The top graph is the same as that of figure 2-14 for the ca

apertures separated by an equal 6.0 µm period in both the x- and y-directions. The center and

lower graphs show the profiles for 8.0 µm and 10.0 µm periods, respectively. 

Comparing figure 2-17 to figure 2-14, one observes several trends resulting from cha

the period in the y-direction (dy) only. As in the case of changing the period equally in both dir

tions (figure 2-14), the bandwidth decreases for a given aspect ratio as dy increases. For example

compare the case when b = 0.25 µm, and dy = 6.0 µm, 8.0 µm, and 10.0 µm (the solid lines in each

of the plots in figure 2-17). Clearly, the bandwidth decreases as dy increases. The same holds tru

for any other aspect ratio. However, the bandwidth does not decrease as much when y
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Figure 2-17 - TE transmission profiles for FSSs consisting of a free-standing rectangular array

of rectangular apertures of varying width and a constant length (5.0 µm). Periodicity of the

array is systematically varied only in the y-direction (dy), while dx = 6.0 µm is held constant.
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increases compared to increasing both dx and dy. (Compare the middle set of plots in figure 2-14

to the middle set in figure 2-17. Then examine the two bottom sets of plots.) Similar to the case of

increasing the period in both dx and dy, λr shifts to a longer wavelength for a given aspect ratio as

dy increases. Also, as the aspect ratio decreases (going from near slits to square apertures), λr ini-

tially increases, then decreases. The exception, as noted previously, is the case when dx = dy = 6.0

µm, when λr always decreases as the aspect ratio decreases. Finally, the last observation, from fig-

ure 2-17, concerns how λr shifts when the aspect ratio changes for a particular period. When only

dy changes, the range of λr is greater than when both dx and dy change equally. (Compare the bot-

tom set of plots in figure 2-14 to the bottom set in figure 2-17.) In the bottom set of plots in figure

2-17, λr varies more than 1.5 µm while in the bottom set in figure 2-14, it varies less than 1.0 µm.

Figure 2-18 demonstrates the effect of changing the period in the x-direction (dx) only and

also provides several interesting observations. A first observation is that the bandwidth for a given

aspect ratio decreases as dx is increased in a manner similar to the cases shown in figure 2-14. A

second observation that concerns the shift in resonance wavelength is significantly different from

that observed when both dx and dy are increased equally (figure 12-14) or when only dy is

increases (figure 2-17). Specifically, the shift in λr is significantly less if only the period in the x-

direction is varied. In fact, for b = 0.25 µm, increasing the period in the x-direction has little effect

on the resonance wavelength, which remains nearly fixed at 10.4 µm. However, since the diffrac-

tion edge (λd = dx in this case) increases, the resulting curves acquire a “chopped off” appea

at the shorter wavelengths. This combined effect prevents the occurrence of a resonance 

many of the aperture widths.

Two conclusions can be drawn from the observations in figures 2-17 and 2-18. 

increasing either dx or dy has the effect of decreasing the bandwidth for a particular aspect 

Second, varying dy has significantly more effect on λr than varying dx for the TE polarization and

array geometry described in figure 2-13.

Investigations, such as these, that systematically vary the aspect ratio of rectangula

tures, and the periodicity of the apertures within the array, provide insight as to the man

which the transmission profile is affected by changes in array geometry. The next step is to

quantitative relationship between aperture dimensions, periodicity, and the transmission pro

a FSS.
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Figure 2-18 - TE transmission profiles for FSSs consisting of a free-standing rectangular array

of rectangular apertures of varying width and a constant length (5.0 µm). Periodicity of the

array is systematically varied only in the x-direction (dx), while dy = 6.0 µm is held constant.
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2.4.3  Choice of Aperture Shape and Size in Filter Design

In the previous section, the zeroth order spectral transmission properties of FSSs with cir-

cular, square, and rectangular apertures were investigated. While circular and square apertures are

less polarization dependent than rectangular apertures due to their symmetry, they appear not as

well suited for a bandpass filter design. A FSS constructed out of rectangular or circular apertures

tends to have an inductive filter response - a high transmissivity near the diffraction edge that

tapers off gradually as the wavelength is increased. As the aperture dimensions are decreased rel-

ative to the periodicity, the transmission profile begins to exhibit a bandpass profile. However, the

long wavelength side has a pronounced “tail” that is undesirable in most bandpass filter de

The exception appears to be when the aperture dimensions are decreased even fur

ative to the periodicity. At this point the transmission profile becomes a very narrow bandpa

ter with the resonance wavelength located at a wavelength slightly greater than the diffr

edge wavelength. Unfortunately, this presents two problems in a filter design. First, the

design would be limited to a very narrow bandwidth (on the order of less than 0.1 µm as seen in

the previous section). Second, the resonance wavelength is located very near to the dif

edge. There will be a problem with higher diffractive orders beginning to propagate at w

lengths shorter than the diffraction edge. Especially troubling could be the presence of W

anomalies, caused when higher diffractive orders begin to propagate. The undesired an

could occur very near to the narrow bandwidth feature at a wavelength slightly shorter th

diffraction edge.

Rectangular apertures appear to be a better choice for a bandpass filter design, es

narrow rectangular apertures. From the previous section it was shown that a FSS with 

rectangular apertures tends to produce a nice resonance bandpass transmission profile f

mally incident plane wave with TE polarization. Furthermore, the location of the resonance 

length, and the bandwidth value, appear to be dependent on the periodicity of the array 

dimensions of the apertures. It is known that a dipole will have a resonance wavelength of a

imately twice its length. Thus a very narrow rectangular aperture should also have a res

wavelength of approximately twice its length. As the aperture width increases, this relatio

has to be modified. Chase and Joseph35 have given the resonance wavelength λr of a single flat

strip dipole (no substrate) of length L and width b as
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By application of Babinet’s Principle, a complementary strip dipole will produce a reflection

file identical to the transmission profile of a narrow slot. Therefore, the resonance wave

value in equation (2-35) should also correspond to the resonance wavelength in a complim

narrow slot.

Equation (2-35) provides the starting point for the bandpass filter under design. Ac

ingly, a narrow aperture of dimensions 5.0 x 0.5 µm should have a resonance wavelength 

11.025 µm. With an array of apertures, coupling effects between the apertures will modif

value of λr in (2-35) depending on the periodicity and array configuration. In the previous se

λr was seen varying between 10 µm and 12 µm for a FSS consisting of a rectangular array of 5.

0.5 µm rectangular apertures, with periodicity ranging from 6.0 µm to 10.0 µm. The bandwidth

∆λ also appeared to vary with periodicity.

It should be pointed out that using narrow rectangular apertures in the filter design

polarization dependence to the filter. It was shown in the last section that an array of narrow

tures produce a resonance transmission profile when the electric field is perpendicular

length of the narrow apertures. The resulting current must flow around the length of the ap

producing a resonance effect. However, for the orthogonal polarization, the aperture width

narrow rectangles is negligible, resulting in little deviation of the current path. As a resul

apertures appear nearly invisible to a field parallel to their length. For such a polarization, th

becomes nearly totally reflective as seen in figure 2-16. It should be possible to create a

with a periodic cell consisting of two narrow rectangular apertures, one rotated 90o relative to the

other. Such an array would be symmetric in regards to the two polarizations of a normally in

plane wave. Half of the apertures would be resonant, while the other half would be nearly “

ble” for whichever of the two polarizations (TE or TM) were present. This design will be

explored further in the next chapter.

As a starting point, the FSS bandpass filter design will consist of a rectangular array

x 0.5 µm rectangular apertures in free space. The next section will try and determine som

tionship between λr, ∆λ, and the periodicity for this FSS consisting of a 5.0 x 0.5 µm rectangular

aperture array. Once that is accomplished, the filter design may proceed to the next step. 

λr 2.1 1
b

2L
------+ 

 L≅
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2.4.4  Using Periodicity to Control Spectral Characteristics in Rectangular Arrays

Controlling the resonance characteristics through periodicity is important because of the

infrared wavelength regime that is under consideration. The resulting scale of the periodic ele-

ments requires manufacturing limitations to be considered. As pointed out in chapter 1, rectangu-

lar structures are well suited to the lithographic processes used in manufacturing, hence their

choice as a preferred aperture shape. While variation in the aperture dimensions will also change

the resonance characteristics of the FSS, it becomes a much more critical process in manufactur-

ing than a change in periodicity. In a typical FSS at infrared wavelengths, the choice would be

between a 0.1 µm variation in the rectangular aperture dimension versus a 1.0 µm variation in the

periodicity. Thus controlling the resonance characteristics through periodicity could provide a

manufacturing advantage over precise adjustments to the aperture size.

Doubling the period should decrease the bandwidth by approximately a factor of four, but

the exact relationship for the configuration is not known. The purpose of this phase of the design

process is to try and understand the relationship that periodicity plays in the resonance character-

istics of the free-standing FSS consisting of a rectangular array of 5.0 x 0.5 µm apertures. Exami-

nation of the FSS’s resonance response to varying the periodicity in a direction perpendic

the electric field for a normal incident TE polarized plane wave should provide a starting po

this investigation. Figure 2-19 show the FSS geometry along with the resulting zeroth order

mission profile. The rectangular apertures have their long dimension aligned along the x-direc-

tion. The normally incident plane wave is polarized such that the electric field is perpendicu

the long dimension of the apertures, and accordingly, a resonance transmission effect sh

produced by the FSS. The period is 6.0 µm in the y-direction, but varied along the x-direction

between 6.0 µm and 12.0 µm in 1.0 µm increments as shown in figure 2-19. As a result, the 

fraction edge will equal the period in the x-direction (λd = dx).

The resulting transmission profiles in figure 2-19 demonstrate that the resonance 

length location does not change much when the period is changed in only the x-direction. As a

result, the diffraction edge is destroying the resonance curve as the period in the x-direction (and

hence the wavelength of the diffraction edge) is increased. Increasing the period in onlyx-

direction does not provide much control over the location of the resonance wavelength for 

angular array of narrow rectangular apertures.

The process is repeated in figure 2-20, except the period in the x-direction is held constant
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Figure 2-19 - (a) FSS geometry for a rectangular array of narrow rectangular apertures with no

substrate present. The incident plane wave was normally incident with TE polarization. (b) The

period was varied in the x-direction (dy = 6.0 µm throughout) to produce this zeroth order trans-

mission profile. The diffraction edge, λd, is equal to dx.
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Figure 2-20 - (a) FSS geometry for a rectangular array of narrow rectangular apertures with no

substrate present. The incident plane wave was normally incident with TE polarization. (b) The

period was varied in the y-direction (dx = 6.0 µm throughout) to produce this zeroth order trans-

mission profile. The diffraction edge, λd, is equal to dy.
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(b)
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at 6.0 µm, while the period in the y-direction is increased from 6.0 µm to 12.0 µm in 1.0 µm incre-

ments. Several conclusions can be drawn from this figure. When increasing the period in only the

y-direction for this array configuration, the resonance wavelength increases as a function of dy.

The diffraction edge (λd = dy) increases approximately twice as fast as the resonance wavelength.

Eventually, as dy continues to increase, the transmission profile should begin to resemble a narrow

transmission spike at a wavelength just longer than the diffraction edge. As for the bandwidth, it

decreases as a function of dy.

To find a more precise relationship between the y-direction period dy and the resonance

characteristics of the transmission profile, a fitting routine was employed. First the values of ∆λ

and λr were extrapolated from the transmission data. Then an exponential of the form

(2-36)

was fit (using a Levenburg-Marquardt algorithm) to these values for the bandwidth ∆λ and reso-

nance wavelength λr that resulted from the different values of dy. The resulting fits, shown plotted

in figure 2-21, were

(2-37)

and

. (2-38)

While this data shows a slight exponential form, it is not far from being a linear relationship.

If the same procedure is again repeated, except, this time the period in the x- and y-direc-

tions are increased equally from 6.0 µm to 12.0 µm in 1.0 µm increments, one obtains the result-

ing zeroth order transmission profiles shown in figure 2-22. This time the resonance curves vary

with periodicity in much the same fashion as the previous case when only dy was varied. When

comparing the three cases of varying the periodicity for a narrow slot array, one concludes that

most of the effect of varying the periodicity results from varying the period in the y-direction (par-

allel to the electric field).

When the exponential equation (2-36) was fit to the resonance data from the transmission

profiles shown in figure 2-22, the results were

(2-39)

y a be
c y⁄–

+=

∆λ 0.8481 7.5578e
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+–=

λr 5.5418 3.1377e
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+=
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Figure 2-21 - Resulting fits of the bandwidth data ∆λ and resonance wavelength λr for varying

periodicity in the y-direction dy. The two lines (equations (2-37) and (2-38)) represent the fitting

of the exponential equation (2-36) to the data points.
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Figure 2-22 - (a) FSS geometry for a rectangular array of narrow rectangular apertures with no

substrate present. The incident plane wave was normally incident with TE polarization. (b) The

period was varied in both the x-direction and y-direction equally to produce this zeroth order

transmission profile. The diffraction edge, λd, is equal to the period (dx= dy).
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and

(2-40)

where d = dx = dy. These fits are plotted in figure 2-23. The relationships between ∆λ and λr, and

periodicity are much more exponential when the period is changed in both directions of the rect-

angular array than in one direction. The next step in the design process was to exploit this feature

to control the resonance characteristics through varying periodicity.

 Up to this point data had been generated for the resonance characteristics when dx had

been varied, dy had been varied, and both dx and dy had been varied equally. In order to finish the

design, some data on the resonance characteristics of the rectangular slot array was needed for

intermediate values of dx and dy. The above process was repeated for all combinations of dx and dy

between 6.0 µm and 12.0 µm (in 1.0 µm increments), except for when dy > dx. These exceptions

are cases similar to figure 2-19 where the diffraction edge begins to destroy the resonance charac-

teristic of the zeroth order transmission profile.

After the transmission profiles were generated for the combinations of dx and dy listed

above, the values of ∆λ and λr were extrapolated. This data was then run through a fitting routine

that fit several hundred simple three dimensional exponential and linear functions. Linear func-

tions were fit using a least-squares technique, while non-linear functions were fit using a Leven-

burg-Marquardt algorithm. Out of this group of simple three dimensional exponential and linear

equations, the equation that best fit both the resonance wavelength data and the bandwidth data

was of the form

. (2-41)

The actual fitted results were

(2-42)

and

. (2-43)

These fits are plotted in figure 2-24.

With equations (2-42) and (2-43) it is possible to complete the first design phase of the

10.6 µm bandpass filter. If these equations are written in matrix form, then solved for dx and dy,

λr 9.5337 0.2653e
d 4.8386⁄

+=

z( )ln a bx
1.5–

cy
2

+ +=

∆λ( )ln 0.2855 16.3665dx
1.5–

0.0122dy
2

–+=

λr( )ln 2.2007 1.1696dx
1.5–

0.0021dy
2

+ +=
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Figure 2-23 - Resulting fits of the bandwidth data ∆λ and resonance wavelength λr for varying

periodicity in dx and dy equally. The two lines (equations (2-39) and (2-40)) represent the fitting

of the exponential equation (2-36) to the data points.
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Figure 2-24 - Resulting fits of the bandwidth data ∆λ and resonance wavelength λr for vary-

ing periodicity in dx and dy. The two mesh plots (equations (2-42) and (2-43)) represent the

fitting of equation (2-41) to the data points.
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the result is

. (2-44)

Plugging in 10.6 µm for λr and various values of ∆λ between 1.5 and 3.0 µm into equation (2-44)

one gets the values for dx and dy that should produce a zeroth order transmission profile with a

resonance wavelength of 10.6 µm and the bandwidth value that was specified in computing dx and

dy. Table 2-5 lists the values of dx and dy for the FSS consisting of a rectangular array of narrow

slots with dimensions of 5.0 x 0.5 µm.

The final step of this phase of the design process was to calculate the zeroth order trans-

mission profile of the FSS design using the values of dx and dy listed in table 2-5. Figure 2-25

shows the resulting profiles. Clearly, these values of dx and dy produce the desired bandpass char-

acteristics for a FSS consisting of a free-standing rectangular array of 5.0 x 0.5 µm rectangular

apertures.

2.4.5  Using Periodicity to Control Spectral Characteristics in Triangular Arrays

While a rectangular array configuration is the simplest design, it might be necessary to

employ a triangular array configuration as shown in figure 2-26 in order to pack the elements

closer together, and thus decrease the diffraction edge wavelength. Packing the elements closer

together becomes extremely important when adding a dielectric substrate to the problem. For

Table  2-5: Values of Period dx and dy that will Produce in the Free-Standing Rectangular 
Array FSS Design a Resonance Wavelength of 10.6 µm and the Value of ∆λ Listed

∆λ (µm) dx (µm) dy (µm)

1.5 7.9 7.1

2.0 6.7 6.6

2.5 6.1 6.2

3.0 5.6 5.8

dx
1.5–

dy
2

1.1696 0.0021

16.3644 0.0122–

1–
λr( )ln 2.2007–

∆λ( )ln 0.2855–
=
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Figure 2-25 - Zeroth order transmission profiles for the FSS designs consisting of a rectangular

array of 5.0 x 0.5 µm rectangular apertures and periodicity as listed in table 2-5 (the basic FSS

geometry is the same as in figure 2-19). The design goal of a resonance wavelength of 10.6 µm

and stated bandwidth was achieved.
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Figure 2-26 - The triangular array configuration for a FSS has periodicity along the x and y’

axes. The angle α is the skew angle, while c is the distance between elements along the y’ axis.

For 30o < α < 60o c corresponds to the nearest neighbor distance, while for α = 45o c is also

equal to diffraction edge for a free-standing array.
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example if the rectangular array configuration in the previous section (dx = dy = 6 µm) was on a

semi-infinite substrate of zinc selenide (n = 2.4), then the diffraction edge would increase from

6.0 µm for a free-standing array to 14.4 µm in the substrate half-space for a normally incident

plane wave. Such a configuration would have the undesirable effect of having the diffraction edge

begin to interfere with the resonance phenomena of interest.

To avoid this problem a triangular array configuration similar to figure 2-26 may be

employed. When the skew angle α = 45o, a common skew pattern, the diffraction edge value sim-

plifies from equation (2-28) to λd = nsc (for a normally incident plane wave), where

(2-45)

is the nearest neighbor distance in this array configuration. A triangular array configuration with

dx = 6.0 µm and dy = 3.0 µm would have a nearest neighbor distance of c = 4.24 µm. The diffrac-

tion edge would then be 4.24 µm for a free-standing array, and 10.18 µm in the substrate region of

an array on a semi-infinite substrate of n = 2.4.

Since the triangular array configuration will be necessary for the filter design phase when

a substrate is added, it is important to understand how changing the periodicity will affect the res-

onance characteristics for a triangular array. Consequently, the next design step was to investigate

varying periodicity in free-standing triangular array as a precursor to adding a semi-infinite sub-

strate. As a result, the procedure in the last section was duplicated for a free-standing triangular

array. Systematically varying the periodicity in dx an dy for a triangular array is not as simple as

for a rectangular array. When α = 45o a triangular array will have a zeroth order spectral transmis-

sion profile nearly identical to a rectangular array configuration with dx = dy = c. Table 2-6 list the

values of dx and dy when c is varied from 6.0 µm to 12.0 µm in 1.0 µm increments for a triangular

array with α = 45o. Varying c in this manner should give a triangular array configuration with a

Table  2-6: Values of dx and dy for Nearest Neighbor Distance c in α = 45o Triangular Array

c (µm) dx (µm) dy=dx/2 (µm)

6 8.4854 4.2426

7 9.8995 4.9497

c
dx

2
----- 

 
2

dy( )2
+=
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transmission profile similar to the rectangular array case when periodicity was varied equally in

both dx and dy (figure 2-22). The zeroth order transmission profiles for the triangular array period-

icity variation listed in table 2-6 are shown in figure 2-27. Comparison of figure 2-27 to figure 2-

22(b) confirms that the transmission profiles of these triangular arrays are nearly identical to the

rectangular arrays with dx = dy = c.

To complete the periodic variation for the free-standing triangular array, dx and dy were

varied in all combinations of the values listed in table 2-6 to form a matrix of periodic variation

(49 periodic combinations). Note that the skew angle will vary from α = 26.57o (dx = 16.9706 µm,

dy = 4.2426 µm) to α = 63.43o (dx = 8.4853 µm, dy = 8.4853 µm). As a result, the diffraction edge

will be governed by the more complicated equation (2-28). A benefit of this triangular configura-

tion is that the diffraction edge does not begin to destroy the resonance characteristics for any of

the periodic combinations (as opposed to when dy < dx for the rectangular array).

The transmission profiles for all of the 49 periodic combinations were computed and the

values for the resonance characteristics (∆λ and λr) were extrapolated from the profiles. The reso-

nance values were then run through the same fitting routine as for the rectangular array example.

Unfortunately, both sets of data (∆λ and λr) could not be fit with the same form of simple three

dimensional exponential or linear equation. A better result was obtained with the exclusion of

periods where dy < dx/2 (corresponding to the exclusion of dy < dx for the rectangular array exam-

ple). The resulting fits

(2-46)

and

8 11.3137 5.6569

9 12.7279 6.3640

10 14.1421 7.0711

11 15.5563 7.7782

12 16.9706 8.4853

Table  2-6: Values of dx and dy for Nearest Neighbor Distance c in α = 45o Triangular Array

c (µm) dx (µm) dy=dx/2 (µm)

∆λ( )ln 3.2701 0.0060dx
2

0.9446 dy––=
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Figure 2-27 - Zeroth order transmission profiles for FSS consisting of a free-standing triangular

array of 5.0 x 0.5 µm apertures with periodicity given in table 2-6. The nearest neighbor distance

c determines the diffraction edge for this array. The transmission profiles are nearly identical to

those of the rectangular array configuration in figure 2-22.
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i-infi-

e sub-
(2-47)

are plotted in figure 2-28. While these two equations are not of identical form, they are of similar

form. When equations (2-46) and (2-47) are written in matrix form and solved for dx and dy, one

finds

. (2-48)

Plugging in λr = 10.6 µm and ∆λ = 1.0, 1.1, and 1.2 µm into equation (2-48), and then solving for

dx and dy, one finds the filter design values listed in table 2-7. 

The range of bandwidth values ∆λ is much more limited with the triangular array than for

the rectangular array. This could present problems when trying to control the resonance character-

istics in a triangular array using only periodicity. As a final check on the design, the period values

in table 2-7 were used to compute the zeroth order transmission profiles for a FSS with 5.0 x 0.5

µm rectangular apertures in a free-standing triangular array. The results shown in figure 2-29

demonstrate that the design did produce a resonance at 10.6 µm with the desired bandwidth val-

ues. The next step in the design phase will be the inclusion of a semi-infinite substrate.

2.4.6  Effects of a Dielectric Substrate

A “thick” substrate (thickness greater than several wavelengths) is modeled as a sem

nite substrate for simplicity of calculation. If the substrate is treated as a finite width slab, th

Table  2-7: Values of Period dx and dy that will Produce in the Free-Standing Triangular 
Array FSS Design a Resonance Wavelength of 10.6 µm and the Value of ∆λ Listed

∆λ (µm) dx (µm) dy (µm) α = tan-1(2dy/dx) λd (µm)

1.0 7.7643 7.1299 61.43o 7.1299

1.1 10.7784 5.6869 46.54o 7.8235

1.2 13.3500 4.3184 32.90o 7.2515

1
λr
----- 0.1264 5.3620 10

5–⋅( )dx
2

0.0109 dy––=

dx
2

dy

5.3620 10
5–⋅( )– 0.0109–

0.0060– 0.9446–

1– 1
λr
----- 0.1264–

∆λ( )ln 3.2701–

=
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Figure 2-28 - Resulting fits of the bandwidth data ∆λ and resonance wavelength λr for vary-

ing periodicity in dx and dy in a FSS consisting of a free-standing triangular array of narrow

rectangular slot apertures. The two mesh plots (equations (2-46) and (2-47)) represent the fit-

ting of the circular data points. The triangular points (dy > dx/2) were excluded from the fit.
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Figure 2-29 - Zeroth order transmission profiles for the FSS designs consisting of a triangular

array of 5.0 x 0.5 µm rectangular apertures and periodicity as listed in table 2-7 (the basic FSS

geometry is the same as in figure 2-26). The design goal of a resonance wavelength of 10.6 µm

and stated bandwidth was achieved.
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strate admittance function (see appendix A, equation (A-98)) becomes increasing difficult to

calculate accurately as the substrate thickness h increases. When h becomes much greater than

several wavelengths, the real part of the arguments of the trigonometric functions in the substrate

admittance function become extremely large for thick substrates (typically the argument Re(γpqh)

> 104 for a 1 mm thick substrate). Using double precision trigonometric functions in the numerical

computation can help with this problem, but if h becomes large enough, even this procedure will

fail. Fortunately, a “thick” substrate can be modeled as a semi-infinite substrate and the ef

the substrate back surface corrected for using equation (2-34) as shown in section 2.3.2.

The design method of the last section was repeated, except a semi-infinite zinc se

substrate (n = 2.4) was added. Adding a substrate will change the location of the FSS reso

According to Rhoads et al36 the resonance of a single simple dipole element of length L at a

dielectric interface of indices n1 and n2 is given by

(2-49)

where

. (2-50)

Using equations (2-49) and (2-50), a single dipole-like aperture with a resonance wavelen

10.6 µm sandwiched between zinc selenide and air should be of length  µm. Coupling

between array elements will modify this value depending on the periodicity. The width o

apertures should also be scaled down somewhat from the previous example. Based o

guidelines, apertures of dimensions 3.0 x 0.25 µm were chosen to begin this design phase.

Adding a substrate will also increase the diffraction edge wavelength as pointed out 

ously in section 2.21. From equations (2-25) to (2-28), the diffraction edge will increase by 

tor of n = 2.4 over the values for the free-standing triangular array in the previous sectio

maintain the diffraction edge at the same wavelength as in the last section, the periodicity n

be scaled down by a factor of n = 2.4. The periodicity required for a 10.6 µm resonance wave-

length should also scale down in a similar fashion. In the previous design phase for the free

ing triangular array on narrow rectangular slots, the array periodicity was varied such th

nearest neighbor distance c was varied from 6.0 to 12.0 µm in 1.0 µm increments for an array

L
λ0

2Neff
------------≈

Neff

n1
2

n2
2

+

2
-----------------=

L 2.88≈
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skew angle of 45o. Then all combinations of the corresponding dx and dy values were computed to

form a matrix of periodicity combinations. Creating a similar matrix of periodicity combinations

for this example would require the variation in c to be scaled down by a factor of ns = 2.4, result-

ing in 0.417 µm increments. Instead of varying c in 0.417 µm increments, dx and dy were varied

directly, with the values given in table 2-8 for a skew angle of α = 45o. A matrix of periodicity

combinations were then created from the values in table 2-8.

The zeroth order transmission profiles (in the semi-infinite substrate medium) were gener-

ated for triangular arrays consisting of 3.0 x 0.25 µm rectangular apertures with all 25 possible

combinations of periods dx and dy listed in table 2-8.

The values for the resonance wavelength and bandwidth were extrapolated from the transmission

profiles. These values were run through the same fitting procedures as in the previous design

steps. The resulting fits

(2-51)

, (2-52)

are shown in figure 2-30. When these equations are placed in matrix form, and inverted,

, (2-53)

Table  2-8: Periodicity Values for FSS on Semi-Infinite Zinc Selenide Substrate Consisting of 
a Triangular Array of Narrow Rectangular Apertures (α = 45o)

dx (µm) dy (µm) c (µm)

4.0 2.00 2.8284

4.5 2.25 3.1820

5.0 2.50 3.5355

5.5 2.75 3.8891

6.0 3.00 4.2426

∆λ 2.6920 0.6447dx 7.1379 dy⁄+–=

λr 10.9836 0.3705dx 3.9450 dy⁄–+=

dx

1
dy
-----

0.3705 3.9450–

0.6447– 7.1379

1–
λr 10.9836–

∆λ 2.6920–
=
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Figure 2-30 - Resulting fits of the bandwidth data ∆λ and resonance wavelength λr for varying

periodicity in dx and dy. The FSS consisted of a triangular array of narrow rectangular slot aper-

tures of 3.0 x 0.25 µm on a semi-infinite zinc selenide (n = 2.4) substrate. The two mesh plots

(equations (2-51) and (2-52)) represent the fitting of the data points.
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they can be solved for dx and dy, given the parameters ∆λ and λr. Unfortunately, the only band-

width value that satisfies equation (2-53) with λr = 10.6 µm is ∆λ = 3.5 µm (dx = 4.5 µm, dy = 1.94

µm). As seen with the free-standing triangular array, varying the periodicity alone does not pro-

vide enough variation in the resonance characteristics to design a bandpass filter when using a tri-

angular array of narrow rectangular apertures on a thick substrate.

The obvious solution was to vary an aperture dimension, along with periodicity. To main-

tain the same two degrees of freedom in the design problem, the periodicity variations were lim-

ited to the commonly used skew angle of α = 45o (hence dx = 2dy). That left variation in either the

aperture width or length as the second degree of freedom in this design problem. To investigate

the effect of varying the width of the apertures, a set of zeroth order transmission profiles were

generated for apertures of length 3.0 µm and widths of 0.25, 0.5, 1.0, 2.0, and 3.0 µm for a trian-

gular array of periodicity dx = 2dy = 5.0 µm on a semi-infinite zinc selenide substrate. The results

are plotted in figure 2-31. From figure 2-31, increasing the aperture widths for this triangular

array on a substrate has a similar effect to increasing the widths of the free-standing rectangular

array in figure 2-14. As the aperture width increases, the bandwidth broadens, while the resonance

wavelength shifts back toward the diffraction edge. As the aperture widens toward a square, the

long wavelength side of the resonance broadens out into a “tail”. When the aperture is a 3.

µm square, the transmission profile is the typical inductive profile - it rapidly increases to th

onance near the diffraction edge, then gradually approaches zero in a long “tail”. Variations

aperture width would tend to change the character of the transmission profile from a reso

shape to an inductive profile (a “tail” on the long wavelength side). For this reason, varyin

width is not the best choice for this design.

Variation in the aperture length was chosen as the other variation in this design phas

resonance wavelength should vary in a linear fashion with the aperture length for narrow

tures according to equation (2-49). Several zeroth order transmission profiles were compu

apertures of width 0.25 µm and lengths 2.5 to 3.0 µm (in 0.1 µm increments), and periodicities o

dx = 2dy = 4.0, 5.0, and 6.0 µm. The resonance wavelengths were extrapolated from the data

plotted versus aperture length. The results, along with the corresponding linear regressi

shown in figure 2-32. The relationships between the resonance wavelength λr and aperture length

a from the linear regression for the three values of periodicity are shown in table 2-9. Whi

relationships are linear, they do differ from the relationship for a single dipole-like structure 
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Figure 2-31 - Effects of varying aperture width on the zeroth order transmission profile for a

normally incident TE polarized plane wave. The inductive FSS had a triangular array of rectan-

gular apertures with periodicity dx = 5.0 µm and dy = 2.5 µm. The rectangular apertures had a

length of 3.0 µm and widths of 0.25, 0.5, 1.0, 2.0, and 3.0 µm.
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Figure 2-32 - Plot of resonance wavelength values λr for varying aperture length a at a given

periodicity for a FSS consisting of a triangular array of narrow rectangular slot apertures of

width 0.25 µm on a semi-infinite zinc selenide (n = 2.4) substrate. The solid lines represent the

linear regression of the aperture length on resonance wavelength.
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in equation (2-49).

The final step of this design phase was to systematically vary the aperture length a and the

periodicity of a triangular array with skew angle α = 45o. The aperture length a was varied from

2.5 to 3.0 µm in 0.1 µm increments, while the periodicity was varied as dx = 2dy = 4.0, 5.0, and 6.0

µm (corresponding to α = 45o). Zeroth order transmission profiles were computed for the eighteen

different combinations of aperture length and periodicity. After the resonance wavelength and

bandwidth values were extrapolated from the transmission profiles, the values were fit in a proce-

dure similar to the one used in the last few design phases. The resulting fits,

(2-54)

and

(2-55)

are plotted in figure 2-33. Following the procedure established previously, one can write equa-

tions (2-54) and (2-55) in matrix form

, (2-56)

and hence find dx and a for various values of ∆λ given λr = 10.6 µm. Table 2-10 list the values of

dx and a for a selection of ∆λ. As a final check, the zeroth order transmission profiles were com-

puted using the values in table 2-10. Figure 2-34 shows that the design values in table 2-10 does

Table  2-9: Relationship Between λr and Aperture Length a from Figure 2-32

Periodicity λr = c1a + c2

dx (µm) dy (µm) c1 c2

4.0 2.0 2.5542 2.8228

5.0 2.5 2.5227 3.6465

6.0 3.0 2.1769 5.3791

∆λ( )ln 6.7174 0.5755dx 9.1355 a⁄––=

λr 12.9686 0.7748dy 17.0766 a⁄–+=

dx

1
a
---

0.7748 17.0766–

0.5755– 9.1355–

1–
λr 12.9686–

∆λ( ) 6.7174–ln
=
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Figure 2-33 - Resulting fits of the bandwidth data ∆λ and resonance wavelength λr for varying

periodicity in dy = dx/2 (α = 45o) and aperture length a. The FSS consisted of a triangular array

of narrow rectangular slot apertures of width 0.25 µm on a semi-infinite zinc selenide (n = 2.4)

substrate. The two mesh plots (equations (2-54) and (2-55)) represent the fitting of the data.
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indeed provide the FSS design of a 10.6 µm bandpass filter.      

The filter design in table 2-10 creates a FSS bandpass filter with the bandwidth value

listed as the value inside the substrate medium. This was the only option for the model used, since

the substrate was semi-infinite in extent. A filter that will be manufactured will have a thick, but

finite, substrate. It will thus be necessary to correct for the substrate back surface using the

method outlined in section 2.3.2 and equation (2-34). Table 2-11 and figure 2-35 show the correc-

tion due to the substrate back surface applied to figure 2-34.

Table  2-10: Values of Period dx and Aperture Length a that will Produce in the Zinc 
Selenide Substrate Triangular Array FSS Design a Resonance Wavelength of 10.6 µm and 

the Value of ∆λ Listed

∆λ (µm) a (µm) dx = 2dy (µm)

1.0 2.60 5.50

1.5 2.70 5.00

2.0 2.80 4.81

2.5 2.90 4.58

3.0 2.95 4.40

Table  2-11: Values of Period dx and Aperture Length a that will Produce in the Zinc 
Selenide Substrate Triangular Array FSS Design a Resonance Wavelength of 10.6 µm and 

the Value of ∆λ Listed Both Inside and Outside the Substrate Region

∆λ (µm) Inside 
Substrate Region

∆λ (µm) with Back Surface 
Correction Added

a (µm) dx = 2dy (µm)

1.0 1.1 2.60 5.50

1.5 1.6 2.70 5.00

2.0 2.2 2.80 4.81

2.5 2.7 2.90 4.58

3.0 3.2 2.95 4.40
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Figure 2-34 - Zeroth order transmission profiles for the FSS designs consisting of a triangular

array of 0.5 µm wide rectangular apertures on a semi-infinite zinc selenide substrate (the trans-

missivity values is in the semi-infinite substrate medium). Aperture length and periodicity is as

listed in table 2-10. The design goal of a resonance wavelength of 10.6 µm and stated band-

width was achieved.



84
Wavelength (µm)

6 8 10 12 14 16

T
ra

ns
m

is
si

vi
ty

0.0

0.2

0.4

0.6

0.8

1.0

Bandwidth = 1.1 µm
Bandwidth = 1.6 µm
Bandwidth = 2.2 µm
Bandwidth = 2.7 µm
Bandwidth = 3.2 µm

Figure 2-35 - Zeroth order transmission profiles in figure 2-36 corrected for the effect of the

substrate back surface. The transmissivity values are now in air, outside of the thick substrate

region. While the resonance wavelength did not change from inside the substrate medium, the

bandwidth values did increase slightly.
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The substrate back surface will change the values of ∆λ that will actually be observed out-

side of the substrate from those in table 2-10 (the resonance wavelength will be unaffected). The

amount of change between the designed values in table 2-10 and the observed value shown in

table 2-11 depends on the substrate index as well as the overall shape of the resonance feature.

One possible way to avoid this problem is to apply the correction from equation (2-34) before the

step involving fitting the bandwidth data. Unfortunately, the slight error from the correction (since

it is only a first order correction) could propagate into a large error in the fitting process. Another

possibility would be modeling the substrate as a thick slab. This would require overcoming the

previously described numerical difficulties in this type of modeling process. The final solution,

which was chosen here, was to design the filter for multiple bandwidth values inside the substrate

region, creating a “table” of design values. Then the substrate back surface correction was 

creating a “new table” of values that can be used to manufacture the actual filter. The drawb

this method is that it requires generation of a table of values, recalculation of the transmissi

files for the values listed in the table, application of the substrate back surface correctio

finally, extrapolation of the bandwidth values.

2.4.7  Capacitive FSS Example

While the goal of this chapter, the design of a 10.6 µm bandpass filter, was accomplishe

in the last section, the design work so far only considered inductive FSSs. All of the free-sta

inductive cases instantly yield the complimentary capacitive case through the application o

inet’s Principle. Born and Wolf37 provide a rigorous form of Babinet’s Principle for thin perfect

conducting structures immersed in an uniform lossless dielectric. For a free-standing FS

application of Babinet’s Principle gives the zeroth order profile for the complimentary capa

FSS as

(2-57)

assuming an incident field of unity, where Tcapacitive and Tinductive are the transmissivities of the

capacitive and inductive FSSs respectively. The complimentary capacitive structure would c

of metallic patches the same dimensions as the apertures in the inductive case. For a n

incident plane wave, the polarization would also have to be orthogonal to the inductive cas

electric field would have to be parallel to the long dimension of a narrow rectangular patch t

duce a resonance effect, as opposed to the inductive case where the electric field must be

Tcapacitive 1 Tinductive–=
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dicular to the long dimension of the narrow rectangular aperture.

Naturally, a free-standing array of patches is not a physically realizable structure, so such

applications of Babinet’s Principle is of theoretical concern only. When the FSS is on a sub

equation (2-57) will no longer hold because the inductive and capacitive structures are no

complimentary. An inductive and capacitive FSS with the same geometric dimensions in pe

elements and periodicity (and appropriate orthogonal polarizations of the incident field), w

termed complimentary when free-standing, but corresponding when each is on the same type 

substrate.

It is possible to find a modified form of Babinet’s Principle for structures on a substra

corresponding FSSs. Timusk and Richards38 proposed that a strip grating on a dielectric interfa

is like two parallel capacitors with different dielectrics, and is related to its vacuum capac

by a factor of (n1
2 + n2

2)/2, where n1 and n2 are the refractive indices of the dielectric on each s

of the structure. Compton, Whitbourn, and McPhedran39 confirmed this, and derived a modifie

form of Babinet’s Principle for a strip grating at a dielectric interface

. (2-58)

Equation (2-58) applies only to strip gratings, and not to the doubly periodic struc

considered in this chapter. This equation considers only the relationship of a capacitive circ

dielectric interface with a capacitive circuit in vacuum. Unfortunately, the doubly periodic s

tures presented in this chapter cannot be modeled by capacitance alone. Dawes, McPhed

Whitbourn28 extended Babinet’s Principle to thin, doubly periodic structures on a substrate,

, (2-59)

where n is the refractive index of the substrate. Note that this expression is symmetric with re

to swapping Tinductive with Tcapacitive. Equation (2-59) was based on equivalent circuit modeling, 

thus is valid at wavelengths greater than the diffraction edge. Dawes et al compared result

through modeling by Chen’s method with those obtained from equation (2-59). They found 

ment to within a few percent for wavelengths between the diffraction edge and twice the d

tion edge, and excellent agreement for wavelengths greater than twice the diffraction

Tinductive Tcapacitive+
2n1n2

n1
2

n2
2

+( )
----------------------=

Tcapacitive

16n
2

4n 1 n+( )2
Tinductive–

4n 1 n+( )2
4 1 n

2
+( )

2
1 n+( )4

–[ ]Tinductive+
---------------------------------------------------------------------------------------------------------------=
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wavelength.

If the resonance structure of the transmission profile is not located near the diffraction

edge, then using equation (2-59) should provide the transmission profile of the complimentary

structure, at least in the region of the resonance structure in the transmission profile. A notch filter

at 10.6 µm could be obtained from the bandpass design in the last section by using equation (2-

59) to find the characteristic resonance values.

At resonance, Tcapacitive = 0, so plugging this value into equation (2-59), one finds for n =

2.4 that Tinductive = 0.83 (this is in the substrate medium). The wavelength that this value occurs for

Tinductive should be the resonance wavelength for the complimentary capacitive FSS. Looking at

the inductive profiles in figure 2-34, one concludes that the resonance wavelength is also 10.6 µm

for the complimentary capacitive structures. It appears that the resonance wavelength is the same

for the corresponding capacitive and inductive FSSs. At the half-maximum value Tcapacitive =

0.415, and the complimentary inductive structure has Tinductive = 0.351 according to equation (2-

59). The wavelengths that these values occur for Tinductive should be the half-maximum values for

the complimentary capacitive FSS. The bandwidth would then be the difference between the

wavelengths of these two half-maximum values. Table 2-12 compares the bandwidth values for

the complimentary capacitive structure to the inductive one designed in the previous section

(table 2-10). All values were extrapolated from the inductive data in the previous section.

Table  2-12: Bandwidth Comparison of Inductive FSS Design in Table 2-10 with 
Complimentary Capacitive FSS

∆λ (µm) Original 
Inductive Design

∆λ (µm) Complimentary 
Capacitive Design

a (µm) dx = 2dy (µm)

1.0 1.2 2.60 5.50

1.5 1.7 2.70 5.00

2.0 2.3 2.80 4.81

2.5 2.9 2.90 4.58

3.0 3.4 2.95 4.40
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To design a capacitive FSS with resonance characteristics that are complimentary to those

of the bandpass filter in the previous section, it will be necessary to repeat the design process of

that section. The FSS geometry is identical to that of figure 2-26, except that the FSS consists of

thin metallic rectangular patches on a zinc selenide substrate (located where the aperture were in

figure 2-26), and the normally incident plane wave now has a TM polarization, so that the electric

field is parallel to the long dimension of the patch. The same sets of zeroth order transmission pro-

files were generated as in the previous section. Figure 2-36 shows the resulting transmission pro-

files for variation of aperture width. Comparison with the corresponding inductive geometry in

figure 2-31 shows that the resonance wavelength is approximately the same for the capacitive and

inductive cases, but the bandwidth is not the same. The capacitive FSS produces a bandwidth that

is greater than the corresponding inductive case, the same trend as in the data presented in table 2-

12.

The next step, following the methodology in the last section, was to vary the patch length

from 0.25 to 3.0 µm in 0.1 µm increments (for a constant 0.25 µm width) with a periodicity of dx

= 2dy = 4.0, 5.0, and 6.0 µm. Figure 2-37 shows the various values of the resonance wavelength

versus patch length. As in the corresponding inductive case, the relationship between patch length

a and resonance wavelength is linear. Table 2-13 provides the linear regression coefficients for

figure 2-37.

Comparison of the regression coefficients in table 2-13 with those for the corresponding

inductive FSS demonstrate that although similar, the relationship between the resonance wave-

Table  2-13: Relationship Between λr and Patch Length a from Figure 2-37

Periodicity λr = c1a + c2

dx (µm) dy (µm) c1 c2

4.0 2.0 2.5981 2.7596

5.0 2.5 2.6845 3.2055

6.0 3.0 2.5768 4.1406
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Figure 2-36 - Effects of varying patch width on the zeroth order transmission profile for a nor-

mally incident TM polarized plane wave. The capacitive FSS had a triangular array of rectangu-

lar patches with periodicity dx = 5.0 µm and dy = 2.5 µm. The patches had a length of 3.0 µm

and widths of 0.25, 0.5, 1.0, 2.0, and 3.0 µm. The profiles for the corresponding inductive FSS

were presented in figure 2-31.
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Figure 2-37 - Plot of resonance wavelength values λr for varying patch length a at a given peri-

odicity for a FSS consisting of a triangular array of narrow rectangular patches of width 0.25

µm on a semi-infinite zinc selenide (n = 2.4) substrate. The solid lines represent the linear

regression of the patch length on resonance wavelength. The plots for the corresponding induc-

tive FSS were presented in figure 2-32.



91
length and patch length is not the same as for aperture length. Comparing figure 2-37 with figure

2-32, one finds that the resonance wavelength is approximately unchanged between the capacitive

and corresponding inductive cases for dx = 2dy = 5.0 µm. However, for the capacitive FSS at dx =

2dy = 4.0 µm, the resonance wavelength increases very slightly (< 0.1 µm) from the value for the

corresponding inductive FSS. For dx = 2dy = 6.0 µm, the resonance wavelength for the capacitive

FSS decreases slightly (< 0.2 µm) from the corresponding inductive FSS.

The periodicity (with α = 45o, dx = 2dy) and patch length were varied systematically in the

same manner as the corresponding inductive FSS in the previous section, and the zeroth order

transmission profiles computed. The resonance wavelength and bandwidth values were extrapo-

lated from the transmission profiles, then ran through the fitting routine. The fitted results, written

in matrix form, then inverted to solve for dx = 2dy and a,

, (2-60)

yield the values of dx = 2dy and a in table 2-14 for λr = 10.6 µm. Figure 2-38 shows the zeroth

order transmission profiles (in the substrate medium) resulting from the design values listed in

table 2-14, as well as the transmission profiles corrected for the substrate back surface reflection. 

The bandwidth values from figure 2-38 are listed in table 2-15. It is obvious from this

Table  2-14: Values of Period dx and Patch Length a that will Produce in the Zinc Selenide 
Substrate Triangular Array FSS Design a Resonance Wavelength of 10.6 µm and the Value 

of ∆λ Listed

∆λ (µm) a (µm) dx = 2dy (µm)

1.0 2.52 6.02

1.5 2.64 5.57

2.0 2.73 5.09

2.5 2.81 4.81

3.0 2.87 4.58

dx

a( )ln

0.2782 0.6790

2.248– 3.0585

1–
λr( ) 1.0507–ln

∆λ( ) 2.6886–ln
=
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Figure 2-38 - (a) Zeroth order transmission profiles for the FSS designs consisting of a triangu-

lar array of 0.5 µm wide rectangular patches on a semi-infinite zinc selenide substrate (the trans-

missivity values is in the semi-infinite substrate medium). Patch length and periodicity is as

listed in table 2-14. The design goal of a resonance wavelength of 10.6 µm and stated band-

width was achieved. (b) Zeroth order transmission profiles corrected for the effect of the sub-

strate back surface. The transmissivity values are now in air, outside of the thick substrate

region.

(a)

(b)
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table that correcting for the substrate back surface yields a bandwidth value that was slightly

lower than for what was designed. This is in contrast to the corresponding inductive example, in

which the bandwidth was increased slightly from the design values when the correction was

added. 

2.4.8  Conclusions

In this chapter, a bandpass filter at 10.6 µm was designed using an inductive FSS with

rectangular apertures arranged in a triangular array pattern on a zinc selenide substrate. The

design process consisted of an extensive systematic examination of FSSs in order to better under-

stand the zeroth order transmission profiles that result from various combinations of aperture

shapes and dimensions, and array periodicity. This was done first for a free-standing array, then

one with on a thick zinc-selenide substrate, in order to understand the effects of a substrate on the

FSS’s zeroth order transmission profile. While this extensive design procedure is not pract

production style design, it did provide some generalized filter design rules. Hopefully, these

will help lead to a production style design procedure. The following list contains nine basic

and/or procedures for designing a filter from a FSS.

1) Decide on type of FSS - inductive or capacitive. Most bandpass designs will requ

inductive FSS, while most notch filters a capacitive FSS.

2) Pick aperture/patch shape (rectangular, circular, square). Non-resonant elemen

Table  2-15: Bandwidth Comparison of Inductive FSS Design in Table 2-10 with 
Complimentary Capacitive FSS

∆λ (µm) Original 
Inductive Design

∆λ (µm) Complimentary 
Capacitive Design

a (µm) dx = 2dy (µm)

1.0 0.8 2.60 5.50

1.5 1.4 2.70 5.00

2.0 1.9 2.80 4.81

2.5 2.3 2.90 4.58

3.0 2.8 2.95 4.40
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square or circular elements can possess a long “tail” in their profiles that may or ma

be useful for a particular design. However they can be used to create a very narrow

pass filter if the period is much greater than their dimensions. On the other hand, the

ral resonance characteristics of a narrow rectangular element can be exploited to c

bandpass or notch filter.

3) Determine approximate aperture/patch dimensions. One can use the resonance

length of a single element as a starting point.

4) Determine the array configuration - rectangular or triangular. Rectangular arrays

vide more control over the zeroth-order transmission profile through adjustment of pe

icity. Triangular arrays have the benefit of packing elements closer together,

decreasing the diffraction edge wavelength.

5) Determine approximate periodicity. The periodicity cannot be less than an elem

dimensions. While this provides a lower limit on periodicity, the location of the diffrac

edge helps to set an upper limit. If one wants only zeroth order propagation for the 

lengths of interest, then the periodicity must be small enough to insure this.

6) Calculate the transmission profile with variation in two parameters (aperture/

dimension and dx, aperture/patch dimension and dy, dx and dy, etc.). For a rectangular arra

configuration, it most likely will be variation in periodicity dx and dy, while for a triangular

array configuration, variation of an aperture/patch dimension and periodicity dx (= 2dy)

provides the best results.

7) Find the relationship between variation in parameters and resulting zeroth order

mission profiles. This was accomplished through a fitting routine.

8) Test to see if design is accurate. Computation of the zeroth-order transmission p

with the design parameters will confirm that the correct parameters have been found

9) Correct for substrate back surface if necessary. If the refractive index of the subs

low enough, the profile shape will not differ greatly from the profile inside of the subs

medium. However as the substrate index increases, the profile will start to differ si

cantly from the profile inside of the substrate. This can be crucial, for example, if a ce

bandwidth value is needed in a design.

While some of the above rules or procedures are time consuming, it should be poss

simplify them in future work. For example, the whole zeroth-order transmission profile nee
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quickly.
be calculated to find the resonance values ∆λ and λr. It is possible to construct a program to find λr

using an adaptive method that only needs calculations at several wavelengths, given a reasonable

starting point. Once λr is found, several more “smart” calculations should lead to ∆λ. If ∆λ and λr

can be computed quickly, then their relationship to the FSS parameters can be determined 

A computer program to automate the whole design procedure would then be possible.
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Chapter 3

FSSs with Multiple Apertures/Patches within a Periodic Cell

3.1  Introduction

In the previous chapters, all apertures (or patches) in the FSS were identical and arranged

in a periodic fashion. This chapter considers an extension to this case, where groups of N aper-

tures (or patches) are arranged in a periodic array. The method of Chen1,2,3 described in chapter 2

(and appendix A), was modified to work with periodic groups of apertures (or patches). The FOR-

TRAN program was written to work with up to N = 4 apertures (for an inductive FSS) or patches

(for a capacitive FSS). The computer model uses the same substrate model as in figure 1-4. Since

Chen’s method is the basis of this analysis, the FSSs are modeled as an infinitely thin, pe

conducting structure, as in the previous chapter. A thorough discussion of the method used

presented in the next section.

The third section will compare calculated spectral responses from the computer 

with measured FSS data in order to establish the validity of the computer model. A capacitiv

consisting of four rectangular patches per periodic cell, with the periodic cells in a triangular

configuration on a CaF substrate, was examined. Because of the symmetry of this particul

incident TE and TM polarized plane waves create the same spectral response from the FS

type of FSS is an example of using simple rectangular elements to produce a less pola

dependent filter.

Following up on the design example in chapter 2, the fourth section adds a second 

rectangular aperture to the periodic cell (N = 2). This aperture is rotated 90o in relation to the orig-

inal aperture, yielding a FSS that is symmetric in both the x- and y-directions for a skew angle o

α = 45o. Using this technique, a FSS design can be created using narrow rectangular apertu

is less polarization dependent (both TE and TM polarizations of a normally incident plane

will produce a resonant effect).

The fifth section provides a systematic examination of FSSs with multiple narrow re

gular apertures per periodic cell, specifically N = 2. Variations in aperture length in alternatin

rows is explored, followed by aperture length variation in alternating columns. This is follo
96
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by varying the aperture length for every alternating aperture. It will be shown that such a periodic

array geometry possesses a “double resonance” character, similar in general form to th

sented by Munk and Luebbers16. Their results differ from those presented here in that they con

ered the reflection characteristics of two interlaced arrays of different length dipoles, where

example considers the transmission characteristics of various slot array geometries.

The effects of Wood’s anomalies is examined in the sixth section. One benefit of c

configurations of multiple groups of periodic elements is that it is often possible to desi

array that operates at wavelengths less than the diffraction edge wavelength. This is p

because most of the power remains in the zeroth order (often > 99%), even though higher 

tive orders have begun to propagate. In these configurations, it appears that Wood’s anoma

avoided at a wavelength just less than the diffraction edge wavelength.

The final section looks at further dual resonance examples. Varying periodicity a

alternating rows of identical rectangular apertures is examined, along with combining squa

rectangular apertures in the same array. A brief description of the problems involved in f

design rules for a dual bandpass filter is then considered in the concluding remarks. Most

research examines free-standing inductive FSSs with N = 2, though examples of N = 3 and N = 4

are also presented. As in the last chapter this technique can be extended to include the e

substrates, as well as to analyze capacitive FSSs.

3.2  Mathematical Formulation

Chen’s modal method1,2,3  is well suited to rectangular apertures (or patches), with 

basis functions used to expand the field in each aperture being rectangular waveguide mod

tions (or their dual for the case of patches). All resulting coefficient integrals can the

expressed in closed form, speeding up numerical computation considerably.

To briefly review, Chen’s method makes use of the fact that the periodic element geo

imposes a periodicity on the scattered wave fields near the filter surface. The term period

ment refers to an aperture for an inductive FSS, and a metallic patch for a capacitive F

model this periodicity the incident, reflected, and transmitted transverse electric field

expanded in terms of Floquet modes, , with unknown reflection and transmission coeffic

R and B, included in the formulation. By using modal orthogonality, Chen solved for the unkn

Φ
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coefficients representing the amplitudes of the Floquet modes in terms of an integral relation of

the unknown field and each Floquet mode. Substituting the integral relation for the coefficients R

and B, Chen obtained an integral equation for the unknown field distribution. This integral equa-

tion can be modified to extend Chen’s method to periodic groups of apertures/patches based on

similar approach by Amitay, Galindo, and Wu40.

This analysis applies to the idealized case of a perfectly conducting, infinitely thin m

filter with identical groups of N periodic elements as shown in figure 3-1. Each group constit

a periodic cell within the filter. While each group is identical and arranged in a periodic fash

each member aperture (or patch) of the group need not be identical. The field in each aper

current on a patch) is expanded in a set of vector orthonormal functions, , satisfying the

ture (or patch) boundary conditions. In the case of apertures, the set of  are the st

waveguide modes suitable for a waveguide having the cross sectional shape of the apert

metallic patches, they are the dual of the standard waveguide modes suitable for a wavegu

ing the cross sectional shape of the metallic patch.

To help understand the method involved in adapting Chen’s work to include grou

periodic elements, a simplified example of an inductive FSS with multiple apertures in a pe

group on a thin dielectric substrate is presented in this section. This is a direct extension

work Chen presented1. A complete derivation for both the capacitive and inductive FSS with m

tiple periodic elements per periodic group, using the substrate model in figure 1-4, is work

at the end of appendix A.

Considering a case of N apertures per group as shown in figure 3-1, one finds 

waveguide expansion of the transverse electric field at the surface of the filter (z = 0), contributed

by the apertures to be

, (3-1)

where the superscript i denotes the ith type of aperture within a group, and the subscripts m, n, l

denote the mn-expansion mode for TE polarization (l = 1), or TM polarization (l = 2).

For the case of a single aperture per periodic cell (N = 1), the integral equation (which

must be satisfied over the aperture only), as derived by Chen1 (equation 13), is
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Figure 3-1 -  Typical geometric configuration for a FSS with multiple apertures within a peri-

odic cell. Similarly, a capacitive FSS may have groups of N patches per periodic cell.
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Here the A’s are the incident plane wave expansion coefficients, the ξ’s are the modal admittances

the Y’s are the modal admittances with a thin dielectric substrate present (Y = ξ for no substrate),

and  is the vector pq-Floquet mode for the TE polarization (r = 1) or TM polarization (r = 2)

in the free space region (z < 0). The integral in equation (3-2) is taken over the entire unit c

However, since  on the metal surface for a perfect conductor, this integral reduces

requirement that it must be satisfied only over the aperture region. Consequently, equation 

also valid for any periodic group of N apertures, since at the filter plane there would only b

field within the apertures and no field on the perfect conductor between the apertures with

group.

To find the unknown transmission and reflection coefficients for this inductive FSS

begins by inserting equation (3-1) into equation (3-2). Multiplying both sides of equation (3-

 and integrating over the ith aperture, one obtains the integral equation for the ith aperture

within a periodic group of N apertures,

, (3-3)

where

, (3-4)

. (3-5)

Equation (3-3) generates N systems of linear algebraic equations, 

, (3-6)

which may be combined into one large system of equations, of the general form

. (3-7)

The matrix elements in the above expression are given by
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Matrix equation (3-7) can then be solved for the unknown coefficients F, which from equation (3-

1), yield the transverse electric field at the surface of the mesh.

Finally, the reflection coefficients Rpqr and the transmission coefficients Bpqr can be found

from the relationship

(3-10)

where δ is the Kronecker delta.

This method may also be extended to circular apertures by using circular waveguide

modes as the expansion functions in equation (3-1) as in the N = 1 case detailed by Chen3. Capac-

itive filters can be analyzed by applying a similar procedure to the N = 1 case described by Chen2,

Montgomery27, and Dawes, et al28. As mentioned previously, the complete derivation for both an

inductive and capacitive FSS with the substrate model from figure 1-4 is given at the end of

appendix A. Using the modifications to Chen’s method listed in appendix A, a program was

ten in FORTRAN for a Sun workstation to analyze a filter consisting of up to N = 4 different aper-

tures (or patches) per periodic cell using the substrate model in figure 1-4. Aperture/patch 

can be either rectangular, square, or circular (or any combination of the three). The period

cell (which contains the group of N apertures/patches) may be arranged in either a rectangul

triangular array.

This method seems to avoid the problem of series truncation for sets of multiple pe

equations as described by Mittra41. Theoretically, the modal expansions for the ith aperture 

are infinite, but for computational reasons, are truncated at a point that provides relative c

gence of the resulting reflection and transmission coefficients. For a single aperture (or pat

periodic cell, there is only one series to truncate, but for multiple apertures (or patches) pe

odic cell there is an expansion for each of the apertures/patches within the periodic cell tha

be truncated. As a result of this “multiple partitioning”, the coefficients Rpqr and Bpqr could con-
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verge to multiple values depending on the choice of truncation points. Based on the work of Mit-

tra, the optimal ratio of modes to retain for a FSS with N = 2 rectangular elements should be equal

the ratio of the lengths of the rectangular elements. For N > 2 the partitioning problem become

much more difficult.

To confirm that this problem with multiple partitioning was not occurring, convergence

tests were carried out for the inductive FSS examples that will be presented in a later section. In

the tests, the modal expansions were varied between 6 and 14 terms for each of the apertures

within a periodic cell, and the resulting Rpqr and Bpqr were compared. For the cases of apertures

being in the form of a narrow slot, the coefficients Rpqr and Bpqr converged relatively smoothly to

one value, with a choice of 10 terms for all modal expansions appearing as optimal for rela-

tive convergence/computational time considerations.

3.3  Comparison of Model to Measured Data from Byrne

Figure 3-2 shows the geometry of a second frequency selective surface constructed by

Byrne32. The FSS consisted of rectangular aluminum patches on a thick CaF (n = 1.4) substrate.

The rectangular patches are arranged such that a group of four constitute an unit cell, with the unit

cells in a triangular array pattern. With this configuration, the nearest neighbor concept applies to

the periodic unit cell, not the individual rectangular patch elements. The nearest neighbor dis-

tance, located along the skew axis, is  µm. This value multiplied by the substrate index of 1.4

puts the diffraction edge (in the substrate region) at 7.9 µm. 

The measured transmissivity data for a normally incident plane wave is reproduced in fig-

ure 3-3 along with the results calculated from the computer model. As with the previous example

from Byrne in the last chapter, the back surface reflection of the substrate had not been subtracted

from the measured data. The calculation assumed a semi-infinite substrate, with n = 1.4. A back

surface reflection correction was added to the values calculated from the computer model using

the correction given in equation (2-34). From figure 3-3 it is clear that the absorption of the bare

substrate is not constant over the wavelengths examined. Therefore, the value for the substrate

absorption constant τ must be found for each calculated value from the computer model using the

measured bare substrate data.

The computer model predicts the location of the resonance and overall transmission spec-

Ψ
i( )

4 2
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3.0 µm

3.19 µm

4.0 µm

8.0 µm
0.6 µm

 TE

Properties:

n1 = 1                          n2 = 1.4 (CaF)

triangular array, α = 45o

dx = 8.0 µm                 dy = 4.0 µm

a1 = a2 = 3.19 µm        b1 = b2 = 0.6 µm

a3 = a4 = 0.6 µm          b3 = b4 = 3.19 µm

elements spaced 3.0 µm apart within cell

Optical Microscope Photograph Unit Cell Geometry

Figure 3-2 -  Geometry used in a second FSS constructed by Byrne. The filter consisted of rect-

angular aluminum patches on a thick (2mm) CaF substrate. The rectangular patches are

arranged such that a group of four constitute an unit cell, with the unit cells in a triangular array

pattern. The indices of refraction n1 and n2 refer to the incident side and transmission side

respectively.
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Figure 3-3 -  Comparison of measured transmissivity data from FSS described in figure 3-2 with

that calculated using the computer model using the Chen formulation. The calculated data was

corrected for the reflection at the back surface of the thick (2mm) CaF substrate so that it may be

compared to the actual measured data. Also the absorption of the substrate was accounted for in

the correction.
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tral shape fairly well. Due to the symmetry of the FSS geometry, there is no difference in the spec-

tral profiles for the incident TE and TM polarizations. The deviation at the diffraction edge, λd =

7.9 µm, is most likely due to the resolution of the measured values and calculation values. Since

the first diffracted order is beginning to propagate in the substrate, rapid variations, or W

anomalies, are likely to occur at a wavelength just short of the diffraction edge. The same

for the wavelength corresponding to the nearest neighbor distance of  µm, where the first

reflected diffractive order is beginning to propagate.

Finally, the deviation between the measured and calculated values for wavelengths 

than the resonance wavelength of 8.2 µm is due to the strong substrate absorption. The correc

for absorption in equation (2-34) is of first order, assuming only the propagating specular d

tive order is affected by absorption. However, the coupling between the evanescent mode

substrate is also affected by absorption. This effect is not accounted for in the calculation, s

absorption in the substrate becomes large, the absorption correction deviates from the m

value. The computer program can account for substrate absorption, but the absorption valu

be constant over the wavelengths in the calculation. Unfortunately, the substrate absorptio

constant over the wavelengths of interest in this example.

3.4  Filter Design Example

The bandpass filter designed in section 2.4.6 required the normally incident plane w

be TE polarized. For this polarization, the electric field is perpendicular to the length of the

row slot apertures. When the current on the filter surface encounters an aperture, it mu

around the narrow aperture creating a resonance effect. When the normally incident plane 

TM polarized, so that the electric field is parallel to the length of the narrow slot, the current

flow around the width of the slot. Since the slots are narrow (0.25 µm in the design example), the

current path does not deviate much. The result is that the filter appears nearly identical to a

lic sheet with no apertures present, with nearly total reflection of the incident wave.

This polarization dependence can be decreased by using an array that is symmetri

x- and y-directions. If the periodic element (aperture or patch) is a cross (with narrow arm d

sions), then the TE and TM polarizations will produce the same resonance transmission 

assuming the periodicity is also symmetric in both directions. For a rectangular array, this 

4 2
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require dx = dy, and for a triangular array, the skew angle must be α = 45o. Unfortunately, a cross

structure adds another level of complexity to the manufacturing process. It could be useful to cre-

ate a similar less polarization dependent design using only rectangular elements.

A less polarization dependent design can be accomplished using only rectangular ele-

ments by employing the periodic group concept. Figure 3-4(a) shows the design. The unit peri-

odic cell consists of two identical narrow rectangular apertures. They are rotated 90o with respect

to each other, and their centers spaced evenly along the y-direction of the unit cell. If the skew

angle for this triangular array pattern is α = 45o, then the FSS will be symmetric along the x- and

y-axes. Because of the symmetry, a normally incident TE polarized plane wave should produce

the same transmission profile as a normally incident TM polarized wave.

Continuing the design example from section 2.4.7, this method was used to create a less

polarization dependent design of the bandpass filter (centered at 10.6 µm). This design used 0.25

µm wide apertures in a triangular array configuration (α = 45o) on a zinc selenide substrate. The

aperture length and periodicity was varied to achieve the desired bandwidth. It was found in the

design process (see table 2-10) that for a bandwidth of ∆λ = 1.0 µm, the period needed to be dx =

2dy = 5.50 µm, and the aperture length a = 2.60 µm. These parameters were applied to the FSS

geometry in figure 3-4(a), and the zeroth order transmission profiles were computed for both a

normally incident TE and TM polarized plane wave. Figure 3-4(b) shows the zeroth order trans-

mission profiles for these two polarizations, along with the TE polarization of the original design

from section 2.4.7 (see figure 2-34). The transmission profiles are inside the semi-infinite zinc

selenide substrate, so none have a substrate back surface correction applied. From figure 3-4(b) it

appears that all three transmission profiles are the same. A less polarization dependent design of

the bandpass filter was accomplished, using only narrow rectangular aperture elements.

While this method allows a simple way to create a less polarization dependent design

using only narrow rectangular periodic elements, there is a limitation to its implementation. If the

elements are packed close enough together, it may not be possible to create a layout like that

shown in figure 3-4(a). For example, looking at the rest of the design values given in table 2-10 of

section 2.4.7, one notices that the aperture length a is greater than the y-direction spacing dy. Con-

sequently, the rotated apertures would overlap nearby neighbor elements. The only solution for a

less polarization dependent design where the elements are closely packed would be to use a

crossed-shaped periodic element.
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Figure 3-4 - (a) A less polarization design for a bandpass filter. The array is symmetric along the

x- and y-axes if α = 45o. The particular parameters used in the bandpass filter design are also

listed. (b) The resulting transmission profiles for the design in (a) assuming a normally incident

TE and TM polarized plane wave. For comparison, the original TE polarization dependent

design from figure 2-34 is also plotted. All three profiles are the same.
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3.5  Dual Resonance Example

Modeling the spectral and polarization characteristics of frequency selective surfaces con-

sisting of groups of non-similar rectangular apertures arranged in a periodic fashion is the goal of

this section. Figure 3-5(a) shows the baseline filter geometry used as a starting point for this

example. This filter consisted of an infinitely thin, perfectly conducting surface, perforated by 5.0

x 0.5 µm rectangular apertures. The apertures were arranged periodically with a spacing of 6.0

µm in both the x- and y-direction. A normally incident TE polarized plane wave was considered

impinging upon the surface and the resulting zeroth order transmission profile was calculated.

This was one of the examples utilized in the filter design process in the last chapter (see figure 2-

14). As shown in figure 3-5(b), the baseline example produces a bandpass transmission profile

that is typical for a FSS with narrow slot apertures illuminated with a TE polarized plane wave.

3.5.1  Varying Aperture Length in Alternating Columns

The first modification to the baseline geometry shown in figure 3-5(b) consisted of rectan-

gular apertures in which the aperture length differed in alternate columns. In chapter 2 it was

shown that an array of identical slots produces a transmission profile that is strongly dependent on

the slot length. Therefore, one might reason that combining two arrays of differing slot lengths

might produce a transmission profile with a dual bandpass feature. Figure 3-6(a) shows this filter

layout. In all of the numerical computations, the aperture dimensions a1 = 5.0 µm, and b1 = b2 =

0.5 µm remained constant. For the shorter apertures, the length ranged between a2 = 4.0 µm, and

a2 = 5.0 µm in 0.25 µm increments. When a2 = 5.0 µm, the geometry reverts to the original base-

line geometry. While individual apertures are separated by 6.0 µm, the group periodicity in the y-

direction, dy, is 12.0 µm, and each periodic cell now consists of two apertures instead of the one in

the baseline case. As in the baseline case, the normally incident plane wave has TE polarization.

The resulting zeroth order transmission profiles are presented in figure 3-6(b). These pro-

files differ dramatically from the baseline profile (the solid line in figure 3-6(b)). Instead of a sin-

gle resonance peak, the new profiles exhibit a dual resonance, consisting of a broad peak with a

bandwidth (full width at half maximum) on the order of 2 µm, and a narrow peak with a band-

width on the order of 0.2 µm. The broad resonance bandwidth increases from 2.2 µm to 3.0 µm as

a2 increases from 4.0 to 5.0 µm. Also, as a2 increases from 4.0 to 5.0 µm, the wavelength of max-

imum transmission of the broad resonance increases from about 9.3 µm to 10.4 µm while its max-
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Figure 3-5 - (a) FSS geometry used as the baseline configuration. (b) Zeroth order transmission

spectral profile for the baseline configuration of (a). In this example dx = dy = 6.0 µm, a = 5.0
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Figure 3-6 - (a) Geometry used for FSS consisting of a rectangular array of two different aper-

tures per periodic cell (columns of long slots alternate with columns of short slots). (b) Zeroth

order transmission spectral profiles for (a) with the short slot apertures ranging in length from a2

= 4.0 µm to a2 = 5.0 µm (b2 = 0.5 µm). The long slot apertures were constant at a1 = 5.0 µm and

b1 = 0.5 µm while the periodicity was dx = 6.0 µm and dy = 12.0 µm.
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imum transmissivity value increases from 0.63 to 1.0. Orders other than the specular order are

propagating in the far field for wavelengths less than 12.0 µm, because the periodicity in the y-

direction is 12.0 µm. Since all of the broad resonance peaks occur at wavelengths less than 12.0

µm, the resonance peaks would not be expected to approach a maximum value of 1.0 because

some energy propagates in diffracted orders other than the specular order. The single exception is

for a2 = 5.0 µm, which reverts to the baseline geometry, and has a periodicity of 6.0 µm in the y-

direction. Only the zeroth order is propagating in the far field for the wavelengths greater than 6.0

µm in this configuration. As a result, the resonance peak is expected to reach a maximum value of

1.0 for this case.

All of the narrow resonance peaks occur at wavelengths greater than 12.0 µm, where only

the specular order is propagating in the far field. In this spectral region, all of the narrow peaks

should approach a maximum value of 1.0, which indeed they do. The decreasing bandwidth that

results as a2 increases from 4.0 to 5.0 µm is an interesting feature. At a2 = 4.0 µm the bandwidth is

0.25 µm, while at a2 = 4.75 µm, it has decreased to less than 0.03 µm. Of course, for a2 = 5.0 µm,

the baseline geometry, no narrow peak is present at all. The implication is that as a2 approaches a1

for this type of filter geometry, the resulting resonance bandpass increasingly narrows. In addi-

tion, the wavelength of maximum transmission shifts monotonically toward longer wavelengths

as a2 increases. This feature may prove valuable in the design of a very narrow bandpass filter.

3.5.2  Varying Aperture Length in Alternating Rows

A second modification of the baseline geometry consisted of varying the aperture length

in alternating rows as shown in figure 3-7(a). Again a1 = 5.0 µm, and b1 = b2 = 0.5 µm was con-

stant throughout all computations, while a2 was varied as in the previous example from 4.0 µm to

5.0 µm. The periodicity in the y-direction, dy, is 6.0 µm, but the cell or group periodicity in the x-

direction, dx, has increased to 12.0 µm. Again, a periodic cell consists of two apertures. Figure 3-

7(b) shows the transmission profiles resulting from a normally incident plane wave with TE

polarization.

The spectral profiles for this filter geometry are quite different from the baseline geometry

and are very different from those in the previously discussed case. No pronounced dual resonance

peaks are observed. In fact, no resonance peaks occur at all for wavelengths greater than 12.0 µm

(the wavelength region where only the specular order is propagating in the far field). Overall,

there are no dramatic resonant type characteristics that might be exploited in a bandpass filter
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Figure 3-7 - (a) Geometry used for FSS consisting of a rectangular array of two different aper-

tures per periodic cell (rows of long slots alternate with rows of short slots). (b) Zeroth order

transmission spectral profiles for (a) with the short slot apertures ranging in length from a2 = 4.0

µm to a2 = 5.0 µm (b2 = 0.5 µm). The long slot apertures were constant at a1 = 5.0 µm and b1 =

0.5 µm while the periodicity was dx = 12.0 µm and dy = 6.0 µm.
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design, though several of the profiles have minor dips in the wavelength range from 6.0 µm to

12.0 µm. However, one could consider the passband bandwidth to be widened. It might be possi-

ble to smoothen the “within-band” transmissivity and/or sharpen the fall-off.

3.5.3  Varying Aperture Length in Alternating Rows and Columns

Varying the aperture length in alternating rows and alternating columns to create the

geometry shown in figure 3-8, constituted the next step in this investigation. This part

geometry requires the periodic group to have two member apertures arranged in a triangula

as opposed to the rectangular array of the previous two cases. In this arrangement the pe

is 12.0 µm along the x-axis and 6.0 µm along the y-axis. However, the diffraction edge λd is

defined by the periodicity of  µm along the skewed axis y’. The normally incident plane

wave is again assumed to be TE polarized. As with the previous two examples, the long slot is

held constant with dimensions a1 = 5.0 µm, b1 = 0.5 µm. The short slot has b2 = 0.5 µm, also held

constant, while a2 is incremented from 0.5 to 5.0 µm. When a2 = 5.0 µm, all slots are identical,

and the array is the baseline configuration depicted in figure 3-5(a). For clarity, the spectral pro-

files are separated into two figures. Profiles shown in figure 3-9(a) result from the mesh geome-

tries in which the short slot dimensions lie between a2 = 0.5 µm and a2 = 3.5 µm, while the

spectral profiles shown in figure 3-9(b) result from geometries in which the short slot dimensions

are between a2 = 3.75 µm and a2 = 5.0 µm.

The profiles in figure 3-9(a) show a single resonance peak located near 10.9 µm for all of

the cases of a2 between 0.5 µm and 3.50 µm. In addition each curve exhibits a transmission peak

at a wavelength just short of the diffraction edge wavelength of  µm. This resonance

peak is the familiar Wood’s anomaly reported frequently in the literature.19,20,43-47 Although not

clearly depicted in figure 3-9(a), rapid variations (as a function of wavelength) due to a W

anomaly do occur for the case of a2 = 3.50 µm when inspected in finer detail for wavelengths ne

 µm. 

All of the spectral profiles in figure 3-9(b) exhibit a dual resonance nature. As a2 is varied

from 3.75 µm to 4.50 µm the shorter wavelength resonance peak shifts from 8.8 µm to 10.1 µm,

while the second resonance peak shifts very slightly between 11.0 µm and 11.1 µm. It should also

be noted that no classical Wood’s anomalies are observed for these cases of a2 between 3.75 µm

and 5.00 µm.

6 2

λd 6 2=

6 2
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Figure 3-8 - Geometry used for FSS consisting of a triangular array of two different apertures

per periodic cell (long slots alternate with short slots). The long slot apertures were constant at

a1 = 5.0 µm and b1 = 0.5 µm, while the short apertures had a2 varying and b2 = 0.5 µm. Period-

icity was dx = 12.0 µm, dy = 6.0 µm, and α = 45o, while the normally incident plane wave had

TE polarization.
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Figure 3-9 - (a) Zeroth order transmission spectral profiles for FSS described in figure 3-8 with

the short slot apertures ranging in length from a2 = 0.5 µm to a2 = 3.5 µm (b2 = 0.5 µm). The

long slot apertures were constant at a1 = 5.0 µm and b1 = 0.5 µm while the periodicity was dx =

12.0 µm, dy = 6.0 µm, and α = 45o. (b) Zeroth order transmission spectral profiles for figure 3-8

with the short slot apertures ranging in length from a2 = 3.75 µm to a2 = 5.0 µm. All other

dimensions are the same as in (a). The dual resonance nature of the FSS is clearly evident in this

figure.
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3.5.4  Nature of the Dual Resonance

Compton et al.42 presented optical transmission properties of arrays whose elements are

apertures in the shape of crosses. These crosses were arranged in a rectangular array configura-

tion, and typically exhibited Wood’s anomalies at the diffraction edge. The aperture geo

periodicity, and thickness of the mesh were varied to determine the effects on optical p

mance. They found that by increasing the grid thickness for the array of crosses, the s

width of the Wood’s anomaly was broadened, effectively becoming a second passband.

combined with the inherent resonance characteristic of the crossed slots, the mesh disp

double bandpass feature. While the spectral characteristic shown in their paper is similar

ures 3-9(a) and 3-9(b), further examination is necessary to determine if the double resonan

ture shown in 3-9(b) is related to Wood’s anomalies.

To investigate if the dual resonance nature of profiles in figures 3-9(a) and 3-9(b) is d

enhancement of Wood’s anomalies, three “generically” similar mesh geometries of 5.0 µm by 0.5

µm slots were considered. Figure 3-10(a) depicts a square array of slots spaced  µm along

both the x- and y-axes. In figure 3-10(b) the slots are arranged in a triangular array with the 

ing along the skewed axis at  µm. Finally, in figure 3-10(c), slots rotated by 90o are added

“interstitially” between the slots in figure 3-10(b). All three arrays have the diffraction e

located at a wavelength of  µm (the distance between nearest “neighbors”). The zeroth o

transmission profiles for all three arrays are presented in figure 3-10(d).

Since all three arrays have narrow slots, one would expect each to produce a re

effect similar to that of the baseline geometry. As discussed in the previous chapter, Cha

Joseph35 have given the resonance wavelength λr of a single flat strip dipole (no substrate) o

length L and width b as

 . (3-11)

For a flat strip dipole of dimensions 5.0 x 0.5 µm, λr should be 11.025 µm. This resonance wave

length value should correspond to the resonance wavelength in a complimentary array of 

slots by application of Babinet’s Principle. Figure 3-10(d) shows λr to be approximately 11 µm for

the three slot arrays of figure 3-10(a)-(c). As Chase and Joseph note, the mutual imp

between adjacent elements of an array of dipoles will alter the resonance wavelength from

6 2

6 2

6 2

λr 2.1 1
b

2L
------+ 

 L≅
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Figure 3-10 - (a) FSS with rectangular array of slot apertures. Slot dimensions were 5.0 µm by

0.5 µm with the period c =  µm. (b) FSS with triangular array of slot apertures. Slot dimen-

sions are the same as in (a) with the period dx = 12.0 µm and dy = 6.0 µm (α = 45o). The nearest

neighbor distance is c =   µm. (c) FSS with triangular array of two different apertures per

periodic cell (alternating slots rotated 90o). Slot dimensions and periodicity are the same as in

(b). (d) Zeroth order transmission spectral profiles for (a)-(c).
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a single dipole given in equation (3-11). However, for the arrays in figure 3-10(a)-(c), the effect of

mutual impedance between the slots seems to be negligible. Clearly, the resonance effect in these

three transmission spectral profiles is due to the dipole-like nature of the slots.

Additional observations indicate that the rectangular array shown in figure 3-10(a), does

not exhibit a Wood’s anomaly at the diffraction edge wavelength of  µm while both of the tri-

angular arrays (figures 3-10(b) and 3-10(c)) do exhibit an anomaly. Also the addition o

rotated slots in figure 3-10(c) has little effect on the transmission spectral profile. Since the

tric field is polarized along the direction of these rotated dipole-like slots, they insignific

modify the transmission spectral profile because the current path induced by the inciden

experiences only minor perturbations due to the presence of the horizontal slots. Similarly

length of these rotated slots is varied, it should also have little effect on the transmission s

profile due to their narrow width.

If the length of these rotated slots were decreased to 0.5 µm, they would become very

small squares, and the resulting array would be identical to that in figure 3-8 for the case a2 =

0.5 µm. Consequently, the array in figure 3-10(c) should produce a transmission spectral 

similar to that in figure 3-9(a) for a2 = 0.5 µm. Comparison of the transmission spectral profile

figure 6(d) shows it to be nearly identical to the one in figure 3-9(a) for a2 = 0.5 µm. 

As a2 is increased from 0.5 µm to 3.50 µm in figure 3-9(a), the resonance feature at 11 µm

remains very similar, while the Wood’s anomaly at the diffraction edge (  µm) varies some-

what. It can be concluded that the resonance features at 11 µm in figure 3-9(a) is due to the dipole

like nature of the 5.0 x 0.5 µm slots (the longer slots in figure 3-8). 

One would expect that the shorter slots in figure 3-8 should also exhibit a dipole-like

nance. This second resonance is not evident in figure 3-9(a) because the expected re

wavelength λr would be at a wavelength less than the diffraction edge wavelength of  µm and

is masked by the spectral characteristic of the diffractive nature of the array. However, foa2 >

3.50 µm, this second resonance structure is clearly visible (figure 3-9(b)).

 In the last chapter, the resulting spectral characteristics of narrow slots arranged in 

gular array as shown in figure 3-11(a) was studied extensively. Such an array produced a b

transmission profile. The array in figure 3-8 can be thought of as two “superimposed” trian

arrays of different length slots. While there will be some coupling between these two “sup

posed arrays”, each peak of the dual resonance features in figure 3-9(b) should at least r

6 2

6 2

6 2



119
Wavelength (µm)

6 8 10 12 14 16

T
ra

ns
m

is
si

vi
ty

0.0

0.2

0.4

0.6

0.8

1.0

a = 4.0µm 
a = 4.5µm 
a = 5.0µm 

Figure 3-11 - (a) Typical geometry of FSS consisting of a triangular array of a single aperture

per periodic cell used for baseline comparisons. (b) Zeroth order transmission spectral profiles

for (a). In this example, b = 0.5 µm was held constant while dx = 12.0 µm, dy = 6.0 µm and α =

45o (resulting in a nearest neighbor distance of c =  µm).6 2
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the resonance peak of the individual triangular arrays. The spectral profiles shown in figure 3-

11(b) are for triangular arrays with narrow slots of lengths of 4.0, 4.5 and 5.0 µm. The nearest

neighbor distance c is  µm resulting in the diffraction edge being located at this wavelength.

Examination of the spectral profiles clearly shows their resonant nature, with the wavelength of

peak transmission that depends on slot length. One also observes that all spectral profiles are

“pinned” at a value of zero at the diffraction edge. Since the spectral curve shifts to shorter

lengths as the slot length shortens, the effect is a narrowing of the bandwidth with short

lengths.

Comparison of the transmission spectral profiles for the triangular arrays shown in 

3-11(b) with those in figure 3-9(b) lead to the conclusion that the dipole-like nature of the s

slots in figure 3-8 causes the shorter wavelength resonance structure in the dual resonan

mission spectral profiles. The dual resonance transmission spectral profiles in figure 3-9

not an exact superposition of the results from the individual short slot arrays and long slot

due to the coupling effect between the long and short slots in figure 3-8. It should also be

that while the diffraction edge is still at  µm in figure 3-9(b), at least 88% of the power was

the zeroth order for all points calculated between 6.0 µm and  µm for a2 between 3.75 µm

and 5.0 µm. (In fact this jumps to 96% when a2 = 3.75 µm is excluded). Even though multiple

orders are propagating in this wavelength region, most of the energy resides in the zeroth

thus reducing the possible effect of anomalies. This should be expected since the length

shorter slots is approaching that of the longer slots. When a2 = 5.0 µm, the baseline array is

obtained (all slots are 5.0 x 0.5 µm), and the diffraction edge is then 6.0 µm.

3.6  Wood’s Anomalies

Normally, it is not desirable to have Wood’s anomalies present in the spectral profil

bandpass filter. Since Wood’s anomalies occur at wavelengths less than the diffraction edg

usually do not affect bandpass filter designs (since the resonance feature occurs at wav

greater than the diffraction edge). However, in the last section, a dual resonance example w

sented where the diffraction edge coincided with part of the dual resonance feature. While

concluded that a Wood’s anomaly did not cause the dual resonance nature of the transmiss

files when the shorter aperture had a length greater than 3.75 µm, anomalies were present in th

6 2

6 2
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profiles when the shorter aperture had a length less than this value. The purpose of this section is

to better understand when Wood’s anomalies occur, and how to avoid them if possible.

 Of the arrays shown in figure 3-10, only the rectangular array configuration did

exhibit any sign of Wood’s anomalies near the diffraction edge. To search for possible anom

the transmission profile for the diffraction edge region was calculated in wavelength incre

of 0.001 µm. It is possible that the anomalies were missed if they occurred within an extre

narrow wavelength region. As an empirical rule, it appears that Wood’s anomalies do not 

in rectangular array configurations of rectangular or circular apertures/patches. Compton42

did present transmission profiles with Wood’s anomalies for rectangular arrays of cross s

apertures. Thus it appears that aperture shape has some bearing on occurrence of Wood’

lies in rectangular array configurations.

On the other hand, triangular arrays of rectangular apertures/patches always pro

Wood’s anomalies. All of the triangular arrays in figure 3-10 clearly show the Wood’s anom

the diffraction edge. As another general empirical rule, the anomalies were most evident f

row apertures (with aspect ratios greater than 5:1) with a periodicity to length ratio dx/2a ~ 1.2.

The exception to this rule occurred in the dual resonance design of figure 3-9, whe

anomalies appear if , even though it is a triangular array configuration. Figure 

shows the diffraction edge region from figure 3-9(a) in finer detail. For 

the Wood’s anomaly appears as a narrow spike with a width of ∆λ ~ 0.003 µm. At a2 = 3.0 µm the

anomaly begins to slightly broaden out due to interaction of the shorter aperture’s natura

nance. When a2 = 3.5 µm, the natural resonance is becoming clearly visible, though the ano

appears as a dip near the diffraction edge. Figure 3-13 show the diffraction edge region fro

ure 3-9(b) in finer detail. When a2 > 3.75 µm, the anomaly disappears!

To better understand what is happening as , table 3-1 lists the percenta

power in the zeroth order for wavelength between 6.0 and 8.5 µm. The diffraction edge for these

arrays is located at  µm, consequently, multiple orders are propagating in this region. F

table 3-1, it is clear that for a2 > 3.75 µm, at least 96% of the power remains in the zeroth or

For a2 < 3.75 µm (the cases where the anomalies are present) it drops as low as 50%.

Wood’s anomalies occur when a new diffractive order begins to propagate, shifting power r

between the two orders, it is not likely that an anomaly will manifest itself if most power rem

in the zeroth order.

a2 a1→

0.50µm a2 2.00µm≤ ≤

a2 a1→

6 2
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Figure 3-12 - (a) Finer detail of diffraction region in figure 3-9(a) showing Wood’s anomalie

(b) Extremely fine detail of diffraction region of figure 3-9(a) showing Wood’s anomalies w

width of ∆λ ~ 0.003 µm.
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Figure 3-13 -  Finer detail of diffraction region in figure 3-9(b) showing lack of Wood’s anom

lies when a2 > 3.75 µm.
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Table 3-1: Percent Power in Zeroth Order for Transmission Profiles in Figure 3-9

λ 
(µm)

% Power in Zeroth Order for Case of Shorter Aperture Length a2

a2=3.00 µm a2=3.50 µm a2=3.75 µm a2=4.00 µm a2=4.25 µm a2=4.50 µm

6.0 99.878 99.88 99.89 99.73 99.73 99.73

6.1 99.18 99.87 99.95 99.98 99.99 100.00

6.2 98.12 99.71 99.88 99.96 99.99 100.00

6.3 96.75 99.51 99.80 99.94 99.98 100.00

6.4 95.03 99.24 99.69 99.90 99.61 99.99

6.5 92.92 98.90 99.55 99.85 99.94 99.99

6.6 90.43 98.47 99.38 99.80 99.92 99.99

6.7 87.62 97.93 99.17 99.73 99.89 99.98

6.8 84.53 97.28 98.90 99.64 99.86 99.97

6.9 81.27 96.48 98.57 99.53 99.82 99.97

7.0 77.92 95.52 98.18 99.41 99.77 99.96

7.1 74.58 94.39 97.72 99.27 99.71 99.94

7.2 71.32 93.06 97.17 99.09 99.64 99.93

7.3 68.18 91.54 96.52 98.89 99.57 99.92

7.4 65.20 89.82 95.78 98.66 99.48 99.90

7.5 62.40 87.89 94.94 98.40 99.37 99.88

7.6 59.79 85.78 93.99 98.11 99.26 99.86

7.7 57.37 83.50 92.94 97.79 99.14 99.83

7.8 55.18 81.10 91.82 97.44 99.00 99.81

7.9 53.25 78.66 90.64 97.09 98.87 99.78

8.0 51.68 76.29 89.48 96.74 98.73 99.76

8.1 50.62 74.17 88.43 96.44 98.62 99.74

8.2 50.42 72.63 87.69 96.25 98.55 99.72

8.3 51.87 72.38 87.65 96.30 98.58 99.73

8.4 57.65 75.53 89.40 96.92 98.83 99.78

8.5 100.00 100.00 100.00 100.00 100.00 100.00
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The trick in designing a filter for wavelengths less than the diffraction edge will be to keep

most of the power in the zeroth order when other orders begin to propagate. This was accom-

plished in the design of figure 3-9(b) by allowing . When a2 = a1, the design reverts to the

baseline configuration of figure 3-5, which is a rectangular array with the diffraction edge at 6.0

µm (hence no problem with anomalies). As , the spectral profile must transition to that of

the baseline configuration at some point. The key is to find the point near the transition where the

dual resonance nature is combined with the lack of anomalies from the baseline case. This occurs

for a2 > 3.75 µm in this design example.

3.7  More Dual Resonance Examples

The example in the previous section utilized an array with different aperture lengths to

create a dual resonance transmission profile. In this section, other methods to create a dual reso-

nance transmission profile are explored. It should be possible to create dual resonance profiles by

varying periodicity among groups of array elements, as well as changing aperture types.

Figure 3-14 shows an example of varying periodicity in alternating rows. All apertures are

identical narrow rectangular slots of dimensions 5.0 x 0.5 µm. The normally incident plane wave

is TE polarized, so as to produce a resonance effect in the narrow slot apertures.  This case consid-

ers every other row having a period in the y-direction of 6.0 µm, while the period of the alternate

set of rows is 12.0 µm. Each row has a period of 6.0 µm in the x-direction. This results in the

overall periodic group consisting of three apertures as shown in figure 3-14(a). The periodic cells

form a rectangular array configuration with overall periodicity dx = dy = 12.0 µm. Alternatively,

figure 3-14(b) shows the case were the period in the first set of rows is reduced to 4.0 µm. This

configuration results in having four apertures per periodic cell.

The zeroth order transmission profiles that result from these two arrays are shown in fig-

ure 3-14(c). Both arrays produce a dual resonance profile. The natural resonance wavelength for a

single 5.0 x 0.5 µm aperture is 11.025 µm. One may again consider the case of two superimposed

rectangular arrays of differing periodicity. One array has a 12 x 12 µm periodicity, while the other

a 12 x 6 µm periodicity. Using equations (2-42) and (2-43) to find ∆λ and λr for a rectangular

array of 5.0 x 0.5 µm apertures with periodicity dx = dy = 12.0 µm, one finds ∆λ = 0.3 µm and λr

= 12.6 µm. Similarly, for an array with periodicity dx = 12.0 µm, dy = 6.0 µm, ∆λ = 1.3 µm and λr

a2 a1→

a2 a1→



126
Wavelength (µm)

6 8 10 12 14 16 18

T
ra

ns
m

is
si

vi
ty

0.0

0.2

0.4

0.6

0.8

1.0

3 apertures/cell
4 apertures/cell

Figure 3-14 - (a) Rectangular array configuration (dx = dy = 12.0 µm) with three identical aper-

tures (a = 5.0 µm, b = 0.5 µm) per periodic group. (b) Rectangular array configuration with

apertures identical to (a), except now the periodic group has four apertures. (c) Resulting zeroth

order transmission profiles for normally incident TE polarized plane wave impinging upon

FSSs in (a) and (b).
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= 10.0 µm. From figure 3-14(c), it is obvious that coupling between these “superimposed ar

causes the resonance peaks to occur at 11.2 µm and 14.1 µm. The bandwidth of the longer wave

length resonance is indeed around 0.3 µm, but the bandwidth of the shorter wavelength resona

is nearly 2.1 µm. Since the diffraction edge for this array is at 12.0 µm, the first diffractive order is

also propagating in the wavelength region where the wider resonance is occurring. Equati

42) and (2-43) resulted from fits to data from rectangular arrays of 5.0 x 0.5 µm apertures where

dy > dx (so as the resonance occurred at wavelengths greater than the diffraction edge). 

quently, using these equations to extrapolate the resonance characteristics for dx = 12.0 µm, dy =

6.0 µm may not be accurate, but it should give the general form of the resonance structure

ure 3-14. The rows of apertures with periodicity dy = 12.0 µm produce the narrow longer wave

length resonance, while the rows with periodicity dy = 6.0 µm produce the broad, shorter wave

length transmission peak.

When the periodicity in the alternating rows is reduced from 6.0 µm to 4.0 µm (figure 3-

13(b)), one would expect a resonance wavelength near 9.6 µm, and bandwidth of 1.6 µm using

equations (2-42) and (2-43). The warning about extrapolation also applies to this case. In g

it should be expected that this array would produce a transmission profile with resonance c

teristics similar to the array in figure 3-14(a). The resulting transmission profile in figure 3-

confirms this. The resonance in the broad peak is nearly the same as in the previous e

though its shape is slightly deformed. The change in periodicity is most likely affecting

amount of power in the zeroth order in this region of multiple propagating orders. The narro

onance is now located at 13.9 µm. It appears that changing the periodicity in this manner ha

slight effect on the coupling between the “superimposed arrays”.

It is questionable as to whether a design like that of figure 3-14 could be of practica

Unlike the example with two different aperture lengths, this design suffers from higher diffra

orders propagating with up to 44% of the power in the wavelength region of the broad reso

peak. It might be possible to have periodicities in alternating rows differ by only a slight am

in order to produce a useful design. However, that assumption cannot be tested with this

since it requires the period of the alternating rows to be a multiple of three or less (in or

maintain the number of apertures per periodic group at four or less).

Besides mixing apertures of different length, and different periodicities to form grou

apertures, it is also possible to create a group containing different types of apertures. Fi
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15(a) is an example of a periodic group containing a narrow rectangular aperture and a square

aperture. The array configuration is the same as in figure 3-8 (narrow rectangular apertures of dif-

ferent lengths), except the shorter length rectangular apertures have been replaced by 3.0 x 3.0 µm

square apertures.

The resulting zeroth order transmission profiles for both a normally incident TE and TM

plane wave are shown in figure 3-15(b). For the TM polarization, the electric field is perpendicu-

lar to the length of the narrow apertures. Since the deviation of the current path around the narrow

width of the slots is minimal, they are almost “invisible” to incident field with TM polarizati

On the other hand, the square apertures, due to their axial symmetry, are not invisible. The

ing transmission profile for the TM polarization should resemble the profile for a triangular 

of 3.0 x 3.0 µm square apertures. For comparison, the transmission profile of an array of on

x 3.0 µm square apertures is shown in figure 3-16. The profile in figure 3-16 is similar, thoug

exactly the same as figure 3-15(b) for the TM polarization. The difference results from th

that the narrow slot apertures have finite width, and thus are almost, but not totally, “invisible” to

a TM polarized plane wave.

The case of the TE polarization in figure 3-15(b) produces another dual resonance p

The dual resonance profile resembles the profiles for arrays with different length apertures 

(3-9(b)). At first, this might not seem surprising since the array configurations are similar. I

demonstrated in the last section that the dual resonance resulted from the natural resonanc

two different length narrow slot apertures. Comparing the triangular array configurations w

single 5.0 x 0.5 µm aperture in figure 3-11 to figure 3-15(b), the long wavelength resonance

seems to result from the narrow rectangular apertures. However, from figure 3-16 it can

concluded that the short wavelength resonance peak results solely from the square apertur

cifically, the role that the Wood’s anomaly located at the diffraction edge (  µm), and now

coinciding with the shorter wavelength resonance peak, must be determined.

To understand the role of the Wood’s anomaly in this design, the identical array was

sidered with the square aperture dimensions varied as 0.5, 1.0, 2.0, and 3.0 µm. Figure 3-17 shows

the resulting zeroth order transmission profiles. For an array with square dimensions equa

rectangular aperture widths, one would not expect the transmission profile to deviate muc

the case of rectangular apertures alone (figure 3-11). This is true for the array with 0.5 µm square

apertures. The profile shows a single resonance peak near 11.0 µm resulting from the narrow slot

6 2
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Figure 3-15 - (a) Combination of square and narrow rectangular apertures in a triangular array

configuration (2dy = dx = 12.0 µm). Aperture dimensions were a1 = 5.0 µm, b1 = 0.5 µm, a2 = b2

= 3.0 µm. (b) Resulting zeroth order transmission profiles for normally incident TE and TM

polarized plane waves impinging on FSS in (a).
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Figure 3-16 - (a) Triangular array configuration (2dy = dx = 12.0 µm) of square apertures (a = b

= 3.0 µm). (b) Comparison of zeroth order transmission from the FSS in (a) with the FSS in fig-

ure 3-15(a). The normally incident plane wave was TE polarized in both cases.
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Figure 3-17 - (a) Triangular array configuration (2dy = dx = 12.0 µm) of square apertures (of

varying dimensions), combined with narrow rectangular slots (a = 5.0 µm, b = 0.5 µm). (b)

Resulting zeroth order transmission for normally incident TE polarized plane waves. The

Wood’s anomaly is shrunk, then enhanced, as the square dimensions increase.
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apertures, and a Wood’s anomaly at the diffraction edge. A very subtle change occurs

square aperture is increased in size to 1.0 µm. The Wood’s anomaly widens out slightly (though

hard to see in figure 3-16), and decreases in height by about 50%. When the square is incr

2.0 µm, the anomaly peak has almost completely disappeared (reaching a maximum trans

ity of 0.05), and widened out dramatically. Increasing the square dimension to 2.5 µm broadens

the peak even more, and increases its maximum transmissivity to 0.24. Thus when the sq

finally increased to 3.0 µm, the second dual resonance peak is formed.

If the square dimension is small enough, the Wood’s anomaly is not altered. At a c

size (1.0 µm in this example), the anomaly begins to shrink in amplitude, nearly reaching ze

the square aperture dimensions are increased further (2.0 µm in this case). A larger square wi

then cause the anomaly region to become enhanced into a second resonance peak. This

anomaly enhancement is similar to that reported by Compton et al42 for cross shaped apertures. I

that case, however, increasing the thickness of the FSS enhanced the anomaly into a second p

band resonance.

3.8  Conclusions

In this chapter Chen’s modal method was extended to include FSSs with periodic g

of apertures (or patches). This model was used to complete the design process of the 1µm

bandpass filter began in the last chapter. By using a periodic group of two narrow recta

apertures (rotated 90o relative to each other), a less polarization dependent bandpass filter d

was accomplished. The model was them employed to look at vary types of FSS arrays th

duce dual resonance features in the zeroth order transmission profiles.

An examination of narrow rectangular apertures of varying length was also performe

array consisting of a periodic group with two narrow slot apertures of slightly different len

produced a dual resonance profile. If the difference in the length between the apertures wit

periodic group was less than 1.25 µm, the resonance from the shorter length aperture o

whelmed the effect Wood’s anomaly at the diffraction edge, creating a true dual resonanc

band. Even though the first diffracted order was propagating at wavelengths including part

shorter resonance peak, over 96% of the power remained in the zeroth order when the sh

longer aperture length ratio was 0.8 or greater. Since most of the power remained in the
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order, Wood’s anomalies were not excited in the diffraction edge region.

Next, a dual resonance profile was created from a FSS using identical narrow recta

apertures, except they were arranged with alternating rows having different periodicity. Unli

case using apertures of different length within the periodic group, this method seem to pro

profile with nearly 44% of the power residing in the first order over the wavelength region o

shorter wavelength passband. It was uncertain whether this design could overcome this d

by using only a slight variation in periodicity between alternating rows.

If for example, a periodic cell consisted of N = 7 with dx = 12 µm and dy = 24 µm, then the

5.0 x 0.5 µm rectangular apertures could be arranged in two rows within the periodic cell 

apertures separated by 6.0 µm in one row and three separated by 8.0 µm in the second row). This

would create two “superimposed arrays” with periods in the y-direction of 6.0 µm and 8.0 µm

(and each having a period in the x-direction of 12 µm). Using equations (2-42) and (2-43) t

extrapolate the resonance characteristics for individual arrays with these parameters, on

resonance wavelengths of 10 µm and 10.6 µm, with bandwidths of 1.3 µm and 0.9 µm respec-

tively. While these values are extrapolated for individual arrays, the “superimposed” p

should have a dual resonance peak with separation between peaks much less than in f

14(c). If N could be increased further, so that the difference in the periodicity between altern

rows begins to approach zero, one could expect a result similar to figure 3-9(b) (since the

ing profiles would have to transition to the baseline profile in figure 3-5(b) when the differen

zero). Unfortunately, due to computational restraints, the model requires a periodic grou

, so that this assumption could not be tested.

Finally, a dual resonance profile was created from a FSS with a periodic group cons

of a square and a narrow rectangular aperture. Through variation of the square aperture’s

sions, it was concluded that the lower wavelength passband was a result of enhancemen

Wood’s anomaly.

All of the dual resonance models were constructed assuming a free-standing arra

study was a “first step” in developing design rules for FSSs that will produce dual resonanc

files. By studying the various configurations in detail, it should be possible to create a more

ough design study like that presented in the last chapter for FSSs with a single aperture/p

the periodic group. Unfortunately, adding a second aperture to the periodic group increa

computational time by a factor of eight (four apertures increase it by over a factor of tw

N 4≤
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Finding a more computationally efficient algorithm (or waiting for the next generation of comput-

ers) will be essential to preforming this in-depth study.
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Conclusion

4.1  Extensions and Conclusions

Chapter 2 presented a thorough study of thin, planar, perfectly conducting FSSs in order to

create some design rules for bandpass filter design. Chapter 3 extended the concept of a thin, pla-

nar, perfectly conducting FSS to include having groups of apertures (or patches) as the periodic

element, rather than the aperture (or patch) itself. The groups of periodic elements allow for con-

struction of FSSs that are less polarization dependent, as well as FSSs that produce transmission

profiles with dual resonance features. In this chapter, a brief look at several other applications for

FSSs will be followed by some concluding remarks. 

4.2  Other FSS Applications

Several interesting applications of FSSs will be considered here. This is by no means an

exhaustive study of these possible applications, but rather a “proof of concept” exercise. S

cally, using a FSS as a beamsplitter, as well as very narrow passband astronomy filters

considered. Finally, the effect of varying the angle of incidence will be examined.

4.2.1  Beamsplitter

In general, a FSS will act as a beamsplitter if one polarization is totally reflected whi

orthogonal polarization is totally transmitted. Figure 4-1 shows configurations for inductive

capacitive FSS beamsplitters in which a plane wave is incident at a 45o angle. The inductive FSS

consists of a rectangular array of apertures with dimensions a = 5.0 µm, and b = 0.25 µm, and

period dx = dy = 6.0 µm. As has been the notation throughout, a plane wave polarized so th

projection of the electric field vector on the FSS surface is parallel to the long dimension 

slit would be considered to have TM polarization. For a filter consisting of slit apertures, su

incident TM polarized plane wave should be totally reflected for all wavelengths greater th

diffraction edge λd. A computer calculation confirmed this property to within the computatio

accuracy of the program.
135
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Figure 4-1 - Beamsplitter geometry using an inductive FSS consisting of a square array of

near slit rectangular apertures and its complimentary capacitive FSS consisting of a square

array of near dipole patches. Both filters are free-standing and have a period in both directions

of 6.0 µm. The incident wave is at 45o relative to the x-axis.
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The orthogonal polarization (TE polarization) has the electric field vector perpendicular to

the long dimension of the slit. Such a polarization results in a resonant bandpass transmission,

with total transmission at the resonance wavelength, λr. Since the TM polarization provides near

total reflection for wavelengths greater than λd, and the TE polarization provides total transmis-

sion at λr, then all that is required to construct a beamsplitter out of an FSS is the relationship

between the FSS geometry (period and rectangular aperture dimensions) and λr for a plane wave

incident at 45o.

The transmission profile for the TE polarization is shown in figure 4-2(a) as the solid line

plot. Comparison with the transmission profile for a plane wave normally incident on a FSS with

the same geometry (refer to figure 2-14) indicates that the resonance wavelength has not changed,

but the transmission profile differs, specifically, the bandwidth is less than half the bandwidth for

the normal incident case. From equations (2-17) to (2-19), the diffraction edge for this inductive

FSS is approximately 10.24 µm (for 45o incidence), which is only slightly less than the resonance

wavelength. For wavelengths less than 10.24 µm, there is more than one diffracted order in both

the transmitted and reflected fields. Given the geometry of this inductive FSS, one could use it as

a beamsplitter operating at the resonance wavelength. If one wishes to construct a beamsplitter for

another wavelength, say 10.6 µm, then all one needs to do is scale all FSS dimensions by a factor

of (10.6/10.45) for a first order approximation. For a more thorough design approach, the process

for rectangular apertures presented in chapter 2 could be repeated for a 45o angle of incidence.

A capacitive FSS could also be used to construct a beamsplitter in a manner that is com-

plementary to that of the inductive FSS. Figure 4-1 also shows a capacitive FSS that is the com-

plement of the inductive filter just described. In this case we have patch dimensions a = 0.25 µm,

b = 5.0 µm, resulting in near dipole metal patches (with period dx = dy = 6.0 µm). (Note that the

long dimensions of the metal patch are perpendicular to the long dimensions of the apertures in

the inductive FSS.) For the complementary capacitive FSS, the projection on the FSS surface of

the electric field vector for TM polarization is perpendicular to the long dimension of the dipole-

like patches. Complementary to the inductive case, a TM polarized plane wave should be totally

transmitted for all wavelengths greater than λd. A computer calculation again confirms this for a

FSS with these dipole patches.

Since the electric field vector will be parallel to the dipoles for TE polarization, a resonant

reflection profile should result with near total reflection at λr. From figure 4-2(b), λr for a capaci-
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Figure 4-2 - Zeroth order transmission and reflection profiles for inductive FSS and its compli-

mentary capacitive FSS as described in figure 4-1 for a plane wave incident at an angle of 45o

with TE polarization. The array period is 6.0 µm while the aperture/patch dimensions are 5.0 x

0.25 µm.
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tive FSS (dotted plot) occurs at a wavelength of 11.35 µm. Thus, this capacitive FSS would oper-

ate as a beamsplitter near this λr. To construct a beamsplitter at another nearby wavelength, simple

scaling of the patch dimensions and period is all that is required. The resonance wavelength for

the capacitive FSS that is complementary to the inductive FSS occurs at a longer wavelength than

the inductive FSS because the incident wave is inclined at 45o (relative to the x-axis in this coordi-

nate system). The inductive FSS has the long dimension of the apertures inclined at 45o relative to

the incident wave, making their projection back onto the incident wave less than 5.0 µm. How-

ever, the complimentary FSS has the narrow dimension of the patch inclined at 45 degrees. The

projection of the long dimension of the patch back onto the incident wave is still 5.0 µm.

Finally, only free-standing FSS structures were considered for this proof of concept analy-

sis. Actual construction of a beamsplitter using a FSS would require a dielectric substrate on

which to deposit the FSS. As has been discussed previously, the presence of the dielectric sub-

strate will affect the specific nature of the spectral transmissivities and reflectivities by shifting

the resonance wavelength and altering the peak transmissivity and reflectivity values; neverthe-

less, the general features of the free-standing mesh will be observed.

4.2.2  Astronomy Filters

Very narrow passband filters (with the bandwidth on the order of an angstrom) are often

used in astronomical applications. For example, examination of the sun’s surface at the Hα wave-

lengths allows astronomers to examine the chromoshpere. Normally, this region is overwh

by the intensity of the layer below (the photosphere), but it becomes optically thick right 

Hα line of 6565 angstroms. Bandpass filters centered on a wavelength of 6565, with a ban

of 1 or less angstroms are difficult to construct. A typical filter, made out of thin dielectric fi

must be maintained at a precise temperature in order to preserve the resonance characte

the filter. This is often accomplished using a thermostatically controlled “oven”. It might be p

ble to use a FSS to create a narrow bandpass filter (where no “oven” is necessary!).

It is assumed the incoming light from the sun has been properly reduced in intensit

polarized. It is also assumed that a conventional broadband filtering system is emplo

remove all wavelengths, except for those in the desired Hα region. As a result, it will be the tas

of the FSS to provide the very narrow bandpass necessary to complete the Hα filtering. In chapter

2, it was pointed out that square apertures whose dimensions are small relative to the per

produce a very narrow transmission spike at a wavelength just greater than the diffraction
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This concept will be used to design the narrow passband Hα filter component.

The FSS consists of a rectangular array configuration of small square apertures. Figure 4-

3 shows the transmission profiles that result from the array parameters listed in table 4-1. It is

clear from table 4-1 that such a design is extremely sensitive to period variations. It is so sensitive,

that periodic variations in the manufacturing process would most likely create FSSs with reso-

nance characteristics far out of spec. Fortunately, there appears an easy way to “tune” th

nance characteristics through tilting the filter with respect to the incoming beam. If the fil

tilted along the x-axis, the result is a change in the angle of incidence of the incident wave. F

4-4 shows the result of a slight variation of the angle of incidence on the spectral profile. A

2o can move the resonance wavelength by as much as 4 angstroms. Tilting also slightly m

the bandwidth (by decreasing it slightly).

It should be possible to target the filter design for the resonance wavelength to 

somewhere just greater than 6565 angstroms. The very strict control of periodicity would 

required, since the target area would be a range of wavelengths just greater than 6565 an

The resulting FSS filters would then be “tilted” along the x-axis to tune them to 6565 angstroms

It should be noted that the square apertures are of such small size, that even the be

graphic techniques would be hard pressed to create them. Adding a substrate would requ

smaller feature sizes. Consequently, such a design is probably beyond the capabilities of

Table 4-1: Design Parameters and Resulting Resonance Characteristics for Hα Passband 
Filter Design

FSS Parameters Resonance Characteristics

Square 
Dimensions

(µm)

Periodicity 
(dx = dy µm)

λr (angstroms) ∆λ (angstroms)

0.120 0.65609 6565.0 0.4

0.125 0.65583 6565.3 0.6

0.130 0.65600 6565.0 0.8
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Figure 4-3 - FSS design for a Hα narrow bandpass filter. The square dimensions range from

0.120 µm to 0.130 µm. Periodicity is listed in table 4-1, and is on the order of 0.6565 µm.
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Figure 4-4 - The effects of slight variations in the angle of incidence on the FSS in figure 4-3.

The square apertures have dimensions of 0.120 µm, and a periodicity of dx = dy = 0.65609 µm.



143
manufacturing processes. Also, this analysis assumes a perfectly conducting filter surface. How-

ever, at optical wavelengths, metals such as aluminum are no longer good approximations to per-

fect conductors. The actual filter design would require a model that uses lossy filter surfaces.

4.2.3  Effect of Changing Angle of Incidence

As seen in the last section varying the angle of incidence changes the resonance character-

istics of the transmission profile. As an example of this change, the bandpass filter designed in

chapter 2 is recalculated at varying angles of incidence (in 15o increments). The angle φ is 0o so

that the plane of incidence lies along the x-axis. This particular filter consisted of a triangular

array of 2.6 x 0.25 µm apertures on a zinc selenide substrate (n = 2.4) with periodicity 2dy = dx =

5.5 µm. The resulting zeroth order transmission profiles are shown in figure 4-5. As the angle of

incidence θ is increased, the resonance wavelength increases while the bandwidth decreases. For

normal incidence, the zeroth order transmission profile exhibited a resonance wavelength of 10.6

µm and a bandwidth of 1.5 µm. For an angle of incidence of 45o, the resonance wavelength has

increased to 11.2 µm and the bandwidth has decreased to 0.9 µm. The transmissivity also

decreases as θ increases because it is calculated for the semi-infinite substrate region. At reso-

nance, maximum transmissivity should be equal to that of transmission into a plane boundary

between zinc selenide and air. For an angle of incidence of 45o (φ = 0o and a TE polarized wave)

the transmissivity works out to 0.72 for a zinc selenide-air plane boundary. The maximum trans-

missivity at resonance from figure 4-5 for an angle of incidence of 45o is also 0.72.

The projection of the FSS surface onto the incident plane wave has the aperture lengths

and periodicity in the x-direction decreased by a cosθ factor. From chapter 2, both of these condi-

tions suggest a decrease in the resonance wavelength and the bandwidth. While the bandwidth

does decrease, the resonance wavelength clearly increases. The difference between this case and

that in chapter 2 is due to the triangular array configuration. The projection of the FSS surface

onto the incident plane wave no longer has a skew angle of 45o. Shortening the aperture lengths

and varying the periodicity for a triangular array where the skew angle is not 45o was not exam-

ined in chapter 2. All of the filter design examples with variation in the aperture length had α =

45o in order to maintain two degrees of freedom in the design process.

For a rectangular array configuration, there is no skew angle to change when varying the

periodicity along one axis only. Based on the filter design examples in chapter 2 with a rectangu-

lar array configuration, one would expect the resonance wavelength to decrease with an increase
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Figure 4-5 - Zeroth order transmission profiles for the inductive bandpass FSS designed in figure

2-34 with variation in angle of incidence θ. As θ increases, the resonance wavelength increases

while the bandwidth decreases. The transmissivity decreases as θ increases because of the semi-

infinite zinc selenide region.
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in the angle of incidence (for φ = 0o and a TE polarized wave). This was indeed the case for the

astronomy filter example in figure 4-4. The configuration of the array appears to have an effect on

how the resonance wavelength varies with a change in the angle of incidence.

It was not the purpose of this chapter to thoroughly explore the effect of changing the

angle of incidence, but rather to point out future extensions to this research. Since the majority of

this research dealt with using FSSs as bandpass filters, the incident wave was considered to be

normal. Most work with bandpass filters is concerned with normal incidence. However, when

aligning a FSS to be used as a bandpass filter, a slight misalignment would result in a tilt, thus

changing the transmission profile. It is therefore necessary, to understand the “sensitivity” 

ing.

4.3  Concluding Remarks

In this dissertation thin, perfectly conducting FSSs were examined in detail to pr

design rules for bandpass filters. They were modeled using the modal method develo

Chen1,2,3. Comparison of data calculated from the model with experimentally measured

(from published sources) confirmed the validity of the model for thin FSS surfaces const

out of highly conducting metal. Here thin refers to a thickness much less than the wave

under consideration. A filter design for a bandpass filter at 10.6 µm, and various bandwidths wa

undertaken and completed. A list of several preliminary designed rules were developed.  T

step will be to actually construct the designed filter, and measure its transmission profile.

parison of the measured resonance characteristics with those predicted form the design 

will help to validate the process. If successful, further refinements to the design process 

necessary to speed up the process and modify it into a production style process.

Chen’s method was modified to allow a group of apertures/patches to be the period

ment in the FSS. It was demonstrated that certain combinations of apertures produced m

resonance transmission profiles. Specifically, combinations of different length narrow slot

tures, combinations of square and narrow slot apertures, and variation of periodicity along

nating rows of narrow slot apertures, all produced a dual resonance transmission profile.

case of the different length narrow apertures, the dual resonance resulted from the natur

nance associated with the two different length narrow apertures. For the combination of s
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and narrow slots, the dual resonance resulted from an enhancement of the Wood’s anoma

diffraction edge. Variation of the periodicity along alternating rows produced a dual reson

because the periodicity of the “superimposed arrays” each had a different resonance wave

While no formal design rules were developed for these dual resonance examples, 

preliminary trends were observed, especially in regard to the occurrence of Wood’s anom

The next step in this research will be a thorough design study, similar to the example of a

periodic element presented in chapter 2. Faster computational devices and/or a more e

algorithm will be necessary to accomplish this next phase.

Finally, several possible applications for FSSs were explored in this chapter. Prelim

designs for a beamsplitter and Hα astronomy filters were presented as possible extensions to

research. In the optical wavelength region, metals such as aluminum cannot be modeled as

conductors. To model the lossy surface, one would have to have to use a method such as 

coupled-wave theory48. It might also be possible to modify the modal method presented in

work to account to lossy surfaces. One could begin with Chen’s method for FSSs with

thickness49 and modify the modal functions to include an exponential decay in the metal sur

While these designs are preliminary, they do present a “proof of concept” and provide s

examples of uses for FSSs.
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Derivation of the FSS Matrix Equation

A.1  General Introduction

For the general case of a thin, planar, perfectly conducting FSS with its periodic cells

arranged in a triangular geometry as shown in figure A-1, it will be necessary to modify the deri-

vation of the FSS matrix equation given by Chen1,2,3 to apply to the model described in figure A-

2. To simplify the comparison to Chen’s work, the notation in his papers has been retaine

periodicity for the triangular array depicted in figure A-1 exists along the set of axes  and 

As Chen pointed out, the electromagnetic fields near the FSS must satisfy the perio

requirements imposed by Floquet’s theorem. Thus the scalar modal potential, assum

Figure A-1 - Geometry for a FSS with a triangular array

x y'
147
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exp(jωt) time dependence, will be

(A-1)

where

(A-2)

(A-3)

         for p,q = (A-4)

(A-5)

(A-6)

with

. (A-7)

Note in equation (A-3) that if α approaches the limit of 90o, the above equations now correspond

to a rectangular array geometry.

From the scalar mode potential, Chen derived the vector orthonormal mode functions for

the transverse electric field. Using the convention of transverse electric (TE) and transverse mag-

netic (TM) polarizations, the vector orthonormal Floquet mode functions in Cartesian coordinates

are

(A-8)

. (A-9)

The transverse electric field in any region of space can then be written as a linear combination of

the above Floquet modes. The Floquet modes in equations (A-8) and (A-9) may be combined as

, where r = 1 represents the TE modes (A-8), and r = 2 the TM modes (A-9).
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 ψpq=

Φpqr



149
A.2  Tangential Fields

Consider the FSS geometry in figure A-2. Noting the following convention for the Floquet

vector modal functions:

(A-10)

where  is the z-direction modal propagation constant in the ith dielectric (in this case i is either

b1, d1, b2, or d2), and a plus superscript denotes a positive-z traveling wave, while a negative

superscript denotes a negative-z traveling wave. The tangential fields in the four regions are as

follows.

Region 1

(A-11)

(A-12)

where Rpqr and Apqr are the reflection and incident modal coefficients in region 1.  represents

region 1 region 2 region 3 region 4

z = 0 z = h1

µb2,εb2 µ2,ε2 µ1,ε1 µb1,εb1

z = -h2

“bulk” b2 “bulk” b1“slab” d2 “slab” d1

Figure A-2 - Substrate model of FSS
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the modal admittance in the ith dielectric, and is given by

(A-13)

, (A-14)

where k0 is the magnitude of the free space propagation vector, Y0 the free space admittance, and

the superscript indexes the medium.

Region 2

(A-15)

(A-16)

where cpqr and dpqr are unknown modal coefficients.

Region 3

(A-17)

(A-18)

where apqr and bpqr are again unknown modal coefficients.

Region 4

(A-19)

(A-20)

where Bpqr are the modal transmission coefficients in region 4.

A.3  Boundary Conditions

The boundary conditions at the three plane interfaces in figure A-2 are
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1) z = 0:

           (= 0 on the metal) (A-21)

                    on the metal (A-22)

                                           = 0      elsewhere (A-23)

2) z = h1:

       (A-24)

                  or  (A-25)

3) z = -h2:

       (A-26)

                   or  . (A-27)

A.4  Apply Boundary Conditions

Applying the boundary conditions from the previous section,

1)  z = h1:

            (A-28)

. (A-29)

Recall that , so if one multiplies by  and integrates, noting that
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one arrives at (after dropping the primes on the dummy subscripts):

. (A-31)
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ary condition

(A-32)

(A-33)

and using the orthogonality of the vector Floquet modes,

. (A-34)

2) z = -h2:

         (A-35)

, (A-36)

and using orthogonality of the vector Floquet modes (plus noting the z location is at minus h2):

. (A-37)

Again using the H-field boundary conditions:

, (A-38)

or

. (A-39)

Using orthogonality one gets:

. (A-40)

3) z = 0:

             (A-41)

, (A-42)
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and using orthogonality (noting z is zero):

. (A-43)

A.5  Eliminate Unknowns

Taking  x [equation (A-31)] + [equation (A-34)] one gets:

   . (A-44)

Similarly,  x [equation (A-31)] - [equation (A-34)] gives:

    , (A-45)

and  x [equation (A-37)] + [equation (A-40)] yields:

(A-46)

Finally, applying  x [equation (A-37)]- [equation (A-40)]:

. (A-47)

If one next plugs equations (A-44), (A-45), (A-46), and (A-47) into equation (A-43), the result is:
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                     (A-49)

            

                       (A-50)

            

                      , (A-51)

one now has:

, (A-52)

or

. (A-53)

A.6  Formation of Integral Equation for Capacitive Mesh

Applying the H-field boundary condition at z = 0 for a capacitive mesh, one finds

     (on the metal patches), (A-54)
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plugs in the tangential H-fields in the above equation:

. (A-55)

Using orthogonality, one finds

, (A-56)

where

               (A-57)

are the modal coupling coefficients. Note that the integral is over the area of the metal patch.

Using equations (A-44) and (A-45) one finds after simplification:

, (A-58)

and
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, (A-63)
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and equation (A-59) becomes

. (A-64)

Substituting equation (A-53) for Rpqr in the above equation, one finds

. (A-65)

Plugging equations (A-63) and (A-65) into equation (A-56) and solving for Bpqr one gets

, (A-66)

where

(A-67)

. (A-68)

To form the integral equation, one must go back to the equation for the tangential E-field in region

3 at the mesh boundary (z = 0):

. (A-69)

(Recall that  at z = 0). Multiply by  and integrate to find:

       (on the metal patches), (A-70)

where the fact that  on the metal patch is utilized in equation (A-70). Substituting equa-

tions (A-44) and (A-45) into the above equation, and making use of the definition given by equa-

tion (A-49), one finds that
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. (A-71)

Finally, substituting equation (A-66) for Bpqr in the above equation, and rearranging terms, one

gets the integral equation:

, (A-72)

or

. (A-73)

where

 . (A-74)

One can solve for the coefficients Fmnl in the integral equation (A-73) by the method of moments.

Since equation (A-73) is of the form

, (A-75)

whose matrix elements are of the form
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, (A-77)

matrix inversion (utilizing proper truncation of the infinite sized matrices) yields the unknown

coefficients Fmnl. The next step is to substitute Fmnl into equation (A-66) to find Bpqr. One can

then substitute Bpqr into equation (A-53) to find Rpqr.

A.7  Admittance and Impedance Values

After some basic algebra, one finds the following:

Kpqr
1( )

Bpqr( )C∗pqr
MNL

r

∑
q

∑
p

∑ 0=

Kpqr
1( )

Ypqr
in( )

Ypqr
char( )

----------------------- δp0δq0ApqrCpqr
∗MNL

r

∑
q

∑
p

∑ Fmnl

Kpqr
1( )

Ypqr
char( )

---------------- Cpqr
mnl

C∗pqr
MNL

r

∑
q

∑
p

∑
l

∑
n

∑
m

∑=

Y00r
in( )

Z00r
eff( )

A00rC00r
∗MNL

r

∑ Fmnl Zpqr
eff( )

Cpqr
mnl

C∗pqr
MNL

r

∑
q

∑
p

∑
l

∑
n

∑
m

∑=

Zpqr
eff( ) Kpqr

1( )

Ypqr
char( )----------------≡

IMNL[ ] YMNL
mnl[ ] Fmnl[ ]=

IMNL Y00r
in( )

Z00r
eff( )

A00rC00r
∗MNL

r

∑=

YMNL
mnl

Zpqr
eff( )

Cpqr
mnl

C∗pqr
MNL

r

∑
q

∑
p

∑=



158
(A-78)

(A-79)

, (A-80)

so that:

(A-81)

(A-82)

. (A-83)

A.8  Inductive Mesh in a Dielectric Sandwich

The boundary conditions applied up to, and including equation (A-43), are valid for either

a capacitive or inductive mesh. Consequently, the work up to, and including equation (A-53), is

equally true for a inductive mesh. One can then apply the boundary conditions particular to the

inductive mesh. At z = 0,  is still true as in the capacitive case, but in the apertures, one

can also state that,

, (A-84)

where  are the waveguide modal functions (not the dual functions as in the capacitive case).

Thus one can modify equation (A-43) to read (where orthogonality has already been utilized):

, (A-85)
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and the coupling coefficients are now obtained by integrating over the aperture,

. (A-86)

From equations (A-44), (A-45), and (A-49) one sees immediately:

, (A-87)

or

, (A-88)

and to find Rpqr, one merely substitutes Bpqr back into equation (A-53). To form the integral equa-

tion, one considers the H-field boundary condition at z = 0:
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ẑ HT
d1

×– ẑ HT
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Substituting Bpqr from equation (A-88), multiplying by , and integrating, one arrives at

the integral equation for an inductive mesh:

, (A-95)

where

(A-96)

(A-97)

(A-98)

. (A-99)

The integral equation is in the same form as equation (A-73), thus the unknown coefficients Fmnl

can be solved for by using matrix inversion, just as in the capacitive case. Once they are known, it

is just a matter of substituting them into equation (A-88) to find Bpqr. Finally, to get Rpqr, Bpqr is

substituted into equation (A-53).

A.9  Extending FSS Matrix Equations to Include Groups of Periodic Elements

For a group of N periodic apertures as shown in figure A-3 the field contribution at the fil-

ter plane (z = 0) is given by

(A-100)

where the superscript i denotes the ith type of aperture within a group, and the subscripts m, n, l

denote the mn-expansion mode for TE polarization (l=1), or TM polarization (l=2). Each aperture

within the group now has a set of vector waveguide modal functions . If equation (A-100) is
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Figure A-3 - Typical geometric configuration for a FSS with multiple apertures within a peri-

odic cell.
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. (A-101)

and equation (A-85) is

(A-102)

where the coupling coefficient is now defined in terms of the ith aperture,

. (A-103)

Continuing along, equation (A-87) becomes

, (A-104)

and equation (A-88)

, (A-105)

where K(1) is defined by equation (A-49). To find Rpqr, one substitutes Bpqr back into equation (A-

53). 

Formulation of the integral equation is still accomplished as shown by equations (A-89) to

(A-94). Substituting Bpqr from equation (A-105) into equation (A-94), multiplying by ,

and integrating over the i-th aperture, one arrives at the integral equation for the i-th aperture

within a periodic group of N apertures 

(A-106)

where Y(in) is defined by equation (A-96) and Y(eff) by equation (A-97). Note that the dummy sub-

script i in equation (A-105) has been replaced by j in equation (A-106) to avoid subscript confu-

sion.
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The integral equation (A-106) generates N systems of linear algebraic equations,

, (A-107)

which may be combined into one large system of equations, of the general form

. (A-108)

The matrix elements in equation (A-108) are then given by

(A-109)

. (A-110)

While the mode indices MNL and mnl are over an infinite number of modes, series truncation for

the purpose of numerical evaluation requires only a finite number of modes to be retained in the

calculation. Hence, the mode indices themselves are subscripted to account for the fact that each

ith aperture need not have the same modes retained when truncating the series. The matrix equat-

ing (A-108) may be inverted and solved for the unknown coefficients F, which may then be sub-

stituted into equation (A-105) to find the transmission coefficients Bpqr. The transmission

coefficients may then be substituted back into equation (A-53) to find the reflection coefficients

Rpqr.

A capacitive FSS with multiple patches per periodic cell can be analyzed in a similar fash-

ion with the H-field boundary condition at z = 0

(A-111)

where equation (A-111) is the modified version of equation (A-54) for a capacitive FSS with mul-

tiple patches per periodic cell. Here  are the dual of the waveguide modal functions for an

aperture of equivalent dimensions to the i-th patch in the periodic group. If the value for the tan-

gential H-fields are plugged into equation (A-111), and orthogonality utilized, one finds the mod-

ified version of equation (A-56) to be
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, (A-112)

where

(A-113)

are the modal coupling coefficients for the i-th patch. Substituting in equations (A-63) and (A-65)

into equation (A-112), one finds after some manipulation

, (A-114)

where Yin and Y(char) are defined in equations (A-81) and (A-82).

Finally, to find the integral equation for a capacitive FSS with multiple patches per peri-

odic cell, one begins with equation (A-69), multiplies by  and integrates over the i-th

patch to find

. (A-115)

Substituting equation (A-114) into equation (A-115), one finds after some manipulation, the inte-

gral equation

, (A-116)

where Z(eff) is defined by equation (A-74). As with the inductive case, the integral equation can be

put into the matrix form

(A-117)

where the elements are given by
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smis-

n (A-
. (A-119)

The matrix can then be inverted, and the unknown coefficients F found. Once the F’s are known,

then it becomes a simple matter of substituting them into equation (A-114) to find the tran

sion coefficients. Finally, the transmission coefficients can be substituted back into equatio

53) to find the reflection coefficients.
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Appendix B

FSS Computer Program Listing

B.1  General Information

The program used to calculate the spectral profiles of the FSS in this dissertation was writ-

ten in FORTRAN and compiled to run on a microcomputer. Computational time is dependent on

the number of modes (both Floquet and waveguide) retained in the calculation. Convergence tests

run indicated that 10 waveguide modes was usually an optimal number of modes to assure con-

vergence. As for Floquet modes, 200-400 usually satisfied convergence requirement, but at least

1000 were retained throughout all calculations in this paper as a safety margin. With 10

waveguide modes and 1000 Floquet modes, computations on an Intel 200MHz Pentium Pro

required approximately 6 minutes for a 101 point wavelength scan for a FSS consisting of one

aperture/patch per unit cell. Calculations with two apertures/patches per unit cell took approxi-

mately 35 minutes for 101 wavelength points, while four apertures/patches per unit cell required

nearly two hours.

Originally the program was written in single precision, but later modified to double preci-

sion. The trigonometric functions remained as single precision, because the original compiler

used did not support double precision trigonometric functions. The program version listed in this

appendix should compile on most FORTRAN compilers. The interface is command line to allow

cross-platform compatibility. It should run on most computer platforms. The author also has a

version with a Microsoft Win32 compliant Windows interface, and double precision trigonomet-

ric functions. Since that version is limited to Microsoft’s FORTRAN Powerstation 4 comp

and executes only on Microsoft Windows 95 or NT operating systems, it was not listed her

The following table lists the program routines, along with their dependencies. A listin

the routines in table B-1 is presented in the next section for academic use only. They are

righted by the author, but may utilized in any manner constituting academic use. Standa

tines computing Bessel functions and performing LU decomposition are not listed beca

copyright restrictions. The author used routines from Numerical Recipes50 to perform these func-

tions. Table B-2 list the functions from Numerical Recipes, and the modifications necessary 
166
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adapt them to the program. Other standard routines for Bessel functions and LU decomposition

may be substituted.  

Table B-1: Routines Used in FSS Program

Routine Dependencies

BESSJ BESSJ0, BESSJ1

BESSJP BESSJ

BESSJ0

BESSJ1

C CRECT, CCIRC, ERROR

CCIRC BESSJ, BESSJP, UNMAP

COEFF GAMMA

CURRNT C, ZI, GAMMA, G

DRIVER LDMAP, YBUILD, CURRNT, LUDCP1, LUBSK1,
MPROVE, COEFF

ERROR

FSS4 SHELL

G ZI, GAMMA

GAMMA

INPUT INPUT2

INPUT2 ERROR

K GAMMA, ZI

LDMAP MAP, ORDER1, ERROR

LUBKS1

LUDCP1

MAP

MPROVE

ORDER1 MAP, UNMAP

OUTPUT
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B.2  Program Listing

������)81&7,21�%(66-3�1�;�
&�����&DOFXODWHV�GHULYDWLYH�RI�%HVVHO�IXQFWLRQ�-�1�;��ZLWK
&�����UHVSHFW�WR�DUJXPHQW�;�XVLQJ�D�VLPSOH�UHFXUVLRQ�UHODWLRQ�
������5($/��%(66-3�%(66-�;
������(;7(51$/�%(66-
������%(66-3 �%(66-�1���;��%(66-�1���;�����
������5(7851
������(1'

SCRECT

SHELL INPUT, DRIVER, OUTPUT

UNMAP

YBUILD YCALC

YCALC G, C, ERROR

ZI

Table B-2: Modifications Necessary to Adapt Numerical Recipes50 Routines to Program

Program 
Routine

Corresponding 
Numerical 

Recipes Routine
Necessary Modifications

BESSJ0 BESSJ0 None

BESSJ1 BESSJ1 None

BESSJ BESSJ Modified to allow N=0,1 Bessel orders by utilizing BESSJ0
and BESSJ1 routines

LUBKS1 LUBKSB Modified to handle double precision complex variables

LUDCP1 LUDCMP Modified to handle double precision complex variables

MPROVE MPROVE None

Table B-1: Routines Used in FSS Program

Routine Dependencies
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